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Abstract. A key aspect of the automatic planning and execution of assembly tasks with robots is

the predictionof the contact forces between the objects. The paper addresses the o�-line computation

of the sets of reaction force directions that can be expected in the presence of uncertainty for any

contact situation during an assembly task. The approach, developed for polyhedral objects moved

in a plane, makes use of the dual representation methodology, considering friction and di�erent

sources of geometric and sensory uncertainties. Theoretical concepts are illustrated through a simple

example: positioning a block in a corner.
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1. INTRODUCTION

Assembly with robots in the presence of uncer-

tainty is an important application �eld with sig-

ni�cant aspects still without a general solution.

Looking forward for the fully automatic program-

ming of these tasks the problem of �ne-motion

planning has to be addressed. This problem takes

special relevance when the uncertainty in the task

parameters and variables is signi�cant and the

plan to perform the assembly needs to take into

account sensory information.

Two approaches to deal with this uncertainty has

been proposed: building a robust plan includ-

ing uncertainty inside it and developing recov-

ery strategies complementing a nominal plan built

without uncertainty consideration. Several works

have been done in the two lines, all of them hav-

ing a common key point: the need of determining

when a given movement must change in accor-

dance to the on-line information.

This necessity coincides, for instance, with that of

determining some termination condition in the ap-

proach of Lozano-Perez, Taylor andMason (1984)

and several subsequent works in the same line,

e.g. Erdmann (1984) and Buckley (1987), and

also with the problem of identifying the current

state in the approaches which represent the task

as a set of states, e.g. Laugier (1989), Xiao and

Volz (1989) and Su�arez and Basa~nez (1991).

For these problems the prediction of the reaction

forces that can appear in any possible contact sit-

uation is a basic step. This prediction can be spe-

cially useful in identifying the current contact sit-

uation during the task execution, as it is described

in Desai and Volz (1989), Basa~nez and Su�arez

(1992), Xiao (1993) and Spreng (1993), each one

using a di�erent approach.

This paper deals with the o�-line determination

of the sets of reaction forces that can appear in a

given contact situation considering all the related

uncertainty sources.

2. SOME CONSIDERATIONS AND

ASSUMPTIONS

In this work, the assembly of polygonal rigid ob-

jects in a plane, i.e. with two translational and

one rotational degrees of freedom, are considered.

The results can be applied to the assembly of poly-

hedral objects when: a) the movement of the ma-

nipulated object takes place in a plane, and b) the

edges of this object, or the edges of every static

object involved in the assembly, are parallel or

perpendicular to the plane of the movement. It

is assumed that the robot has an impedance posi-

tion/force controller and that the movements are

slow enough to make inertias negligible.

The concepts discussed in the paper are illustrated

by means of the task of positioning a block in a

corner (�gure 1). The identi�cation number of the

involved vertices and edges is shown in �gure 3,

and the basic contacts in the examples below are

numbered as follows:
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Fig. 1. Positioning of a block in a corner.

contact # block corner

1 vertex 1 edge 2

2 vertex 2 edge 1

3 vertex 2 edge 2

4 vertex 3 edge 1

5 edge 2 vertex 1

It is assumed a wrist force/torque sensor with the

reference origin on the gripper symmetry axis and

at the end of the parallel �ngers, and the f

x

-axis

along the gripper symmetry axis.

3. DUAL FORCE REPRESENTATION

Given a force

~

f = [f

x

f

y

]

T

acting in the plane and

producing a moment � with respect to a reference

origin O, the corresponding generalized force will

be ~g = [f

x

f

y

� ]

T

. The coordinates of the inter-

section point of the line of a generalized force with

the unitary moment plane, and the sign of � can

be used to represent the generalized force direc-

tion. The representation on that plane coincides,

with a simple �=2 rotation, with the dual repre-

sentation of pure forces acting in a plane (Brost

and Mason, 1989).

A force

~

f acting along the line ax + by + c = 0

is represented by a dual point f

0

with coordinates

[a=c b=c]

T

. Geometrically, this is equivalent to

placing the dual point on the normal to the force

line through the origin O and at a distance 1=d,

being d the distance between the line and O (�g-

ure 2). The sense of

~

f is included by adding to

f

0

the sign of the torque produced by

~

f around

O. So, the direction of the generalized force ~g

associated with

~

f is represented by f

0

and the

corresponding sign.

Properties of the dual force representation:

1. A line of force maps to a point.

2. The lines of forces passing through a point

map to points of a line called the dual line of

the point.

3. The lines of forces lying inside a cone dr

1

r

2

map to points inside a cone

d

r

?

1

r

?

2

with vertex

on the origin.

4. The lines of forces passing through a segment

AB of a line l, map to points inside a cone

d

A

0

B

0

with vertex on l

0

, the dual point of line l,

f

0

(-)

~

f

1=d

d

O

Fig. 2. Mapping a line of force to a point.

A

0

and B

0

being the dual lines of pointsA and

B respectively.

5. The lines of forces passing through a circum-

ference map to a set of points bounded by a

conic curve. The type of conic depends on

the relative position of the origin and the cir-

cumference.

4. REACTION FORCES

The reaction force, measured by a force/torque

sensor, can be used to perform compliant motions

as well as to identify current contacts in order to

determine the next robot action. For identi�ca-

tion purpose only the reaction force direction is

used, the module being not relevant. Factors af-

fecting the force direction are discussed in the fol-

lowing subsections.

4.1. Friction

Friction force is modelled by f

f

= � f

n

where f

n

is the component of the normal force and � the

friction coe�cient. This well known model de-

�nes a friction cone with angle 2 arctan�. The

friction coe�cient � depends on the relative ve-

locity of the objects in contact. This dependence

is sometimes simpli�ed by considering that � can

take only two values: a static value for static sit-

uations and a smaller dynamic value for any non-

static situation. The actual value of � for any

relative velocity of the objects is smaller than the

static value, which therefore generates the greater

friction cone. Since the objective is computing

all the possible reaction forces for any situation,

� will be taken constant and equal to its static

value, covering in this way all the possible friction

forces that can be generated in a given contact.

In the examples below we will consider � = 0:1,

i.e. a friction cone of � 12

o

.

4.2. Uncertainty

Geometric Uncertainty. The direction normal to

the contact edge cannot be exactly known due to

the geometric uncertainty generated by:
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Fig. 3. Resulting uncertainties a�ecting all the objects

vertices in the block-in-the-corner problem.

� Manufacturing tolerances

� Observation of the static object position

� Robot gripper position and orientation

� Slipping of the object in the gripper

Basa~nez and Su�arez (1991) have analyzed and

modelled all these uncertainty sources, merging

them both in physical and con�guration space.

They have shown that, due to geometric uncer-

tainty, the actual position of each vertex of the

manipulated object is somewhere within a domain

Uv bounded by four arcs of circumference, while

each of the vertices of the static objects in the

work environment must be inside a domain Uv

bounded by a circumference centered on its nomi-

nal position. Of course, the domainUv of a vertex

of the object in the robot gripper depends on the

robot con�guration. Figure 3 illustrates the do-

mains Uv of the vertices of the objects involved in

the block-in-the-corner problem. Figure 4 shows

the arcs of circumference (circumferences Cr

M

,

Cr

m

, Cg

M

and Cg

m

) bounding the domain Uv

of a manipulated object vertex.

The angle covered by the arc of the circumference

Cr

M

is quiet small, therefore it can be approxi-

mated by two straight segments tangent to Cr

M

in the arc end points (�gure 4), the amount of

added uncertainty being negligible.

Since each vertex can be anywhere inside the cor-

responding domain Uv, the direction normal to

each object edge can not be exactly determined,

but it should be inside a given range.

Force Uncertainty. Friction and geometric uncer-

tainties a�ect the direction of the reaction forces

that can really appear. When these forces are

measured the uncertainty of the force/torque sen-

sor must also be included.

manipulated object

CrM

Crm

M
Cg

Cg
m

P
Q

R

Fig. 4. Approximation of the arc of the circumference

Cr

M

by two segments PQ and QR.

Typical force/torque sensors give forces and

torques as independent values with a speci�ed res-

olution. So, each measured component f

i

(force or

torque) is supposed to really be anywhere in the

range [f

i

� �

f

i

; f

i

+ �

f

i

], being �

f

i

the sensor reso-

lution for f

i

. So, for planar movements the force

uncertainty model is a rectangular parallelepiped,

U

g

, of sides �

f

x

, �

f

y

and �

�

, centered in the gener-

alized force measured value [f

xo

f

yo

�

o

]

T

.

5. DOMAINS OF POSSIBLE REACTION

FORCES

Due to uncertainty, the contact points and the

direction of the reaction force cannot be exactly

determined, but using the geometric uncertainty

and the friction models it is possible to compute

the domain of possible reaction forces, DGr, for

any contact situation of an assembly task. The

dual representation of DGr will also be referred

as DGr when the meaning is clear.

The following subsections describe how this do-

main is computed for one, two, three, and more

than three type-1 basic contacts (vertex of the ma-

nipulated object against edge of a static object),

and for only one type-2 basic contact (edge of the

manipulated object against vertex of a static ob-

ject). As it will be shown, a type-2 basic contact

can be considered, for this purpose, as two type-1

basic contacts. From now on, when not speci�ed,

any basic contact is assumed to be type-1.

For one basic contact, the following nomenclature

will be used in the next subsections (�gure 5).

� cs, cs

�

: tangents to region Uv with orienta-

tion �s =  

na

+ atan(�) + �

 

na

; where � is

the friction coe�cient,  

na

the orientation of

the external normal to the contact edge and

�

 

na

the uncertainty associated to  

na

.

� ci, ci

�

: tangents to region Uv with orientation

�i =  

na

� atan(�) � �

 

na

.

� cs

?

, ci

?

: lines through the reference origin

perpendicular to cs and ci respectively.

� V : region resulting from the union of cones

d

ci cs and

d

ci

�

cs

�

.

� Vs: boundary of V generated by cs and ci

�

.

� Vi: boundary of V generated by ci and cs

�

.
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graspped object

!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!

friction cone

cs ci
*cics*

V

Uv

V

Vi

s
ψna

manipulated
object

object
static

Fig. 5. Nomenclature description.

For more than one basic contact the following no-

tation is also introduced:

� S

?

: cs

?

of the contact with maximum �s.

� I

?

: ci

?

of the contact with minimum �i.

� h

i

: dual line of the nominal position of vertex

of contact i.

For any point of V , there exists at least one line of

force through it that crosses region Uv and whose

direction is included in the friction cone.

5.1. One Basic Contact

LetDGr

i

be the domain of possible reaction forces

for one basic contact i. Any force in DGr

i

will

satisfy the following two conditions:

1) Contact-point Condition: The line of the re-

action force must intersect the region Uv of the

contact vertex. The set of reaction forces whose

lines intersect Uv can be generated by the union

of the sets of forces whose lines intersect at least

one of the circumferences C

gM

and C

gm

, or one

of the segments which approximate the arc of the

circumference Cr

M

(�gure 4). The dual region of

forces through a circumference is bounded by a

conic, and those through a straight segment by a

cone (section 3). Therefore, the dual region, H,

representing the set of reaction force directions

satisfying the contact-point condition is given by

the union of four regions: two bounded by conics

and two by cones. Figure 6 shows an example in

which the two conics are two hyperbolas.

2) Direction Condition: The reaction force di-

rection must lie inside the contact friction cone

enlarged with the orientation uncertainty of the

contact edge. From section 3, the dual region rep-

resenting the lines of forces whose directions are

inside the friction cone

d

ci cs is bounded by a cone

d

ci

?

cs

?

with vertex on the origin.

Fig. 6. Dual region H satisfying the contact-point con-

dition for one basic contact.

!!!!!!
!!!!!!
!!!!!!
!!!!!!
!!!!!!
!!!!!!

H

DGr

csci

4

Fig. 7. Domain DGr

4

(type-1 basic contact).

The dual region of a domain DGr

i

is then

computed as the intersection of region H and

cone

d

ci

?

cs

?

. Note that the vertices of DGr

i

are

the dual points of lines ci, cs, ci

�

and cs

�

. As an

example, �gure 7 shows the domain DGr

4

for the

basic contact 4 with a block orientation of -105

o

.

5.2. Two Basic Contacts

The domain of possible reaction forces in the pres-

ence of uncertainty for more than one basic con-

tact is the set of all positive linear combinations

of possible reaction forces for each basic contact.

The dual representation of the domain of possi-

ble reaction forces for two basic contacts i and j,

DGr

ij

, is determined as follows:

1) If DGr

j

� DGr

i

(or DGr

i

� DGr

j

) then

DGr

ij

= DGr

i

(or DGr

ij

= DGr

j

) .

2) Otherwise, DGr

ij

is equal to the union of

DGr

i

, DGr

j

and the region bounded by them
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a

h1

h2

b

DGr
2

DGr
1

Uv1!!!!!!
!!!!!!
!!!!!!
!!!!!!Uv2

I

S
Fig. 8. Domains DGr

1

and DGr

2

.

and two of their common tangents. These two

tangents de�ne a dual cone,

c

a b

(ij)

, that contains

region DGr

ij

. The cone

c

a b

(ij)

can be built by

�rstly determining the corresponding straight seg-

ment AB in real space and then �nding the dual

representation of forces through it. The points A

and B are the intersection of Vi

i

with Vi

j

and of

Vs

i

with Vs

j

.

Then, the domain DGr

ij

can be obtained by the

union of three dual regions:

� DGr

ABi

, resulting from the intersection of

cone

c

a b

(ij)

and cone

d

I

?

S

?

with H

i

.

� DGr

ABj

, idem with H

j

.

� The region P

ij

resulting from the intersection

of three cones:

c

a b

(ij)

,

d

I

?

S

?

, and

d

h

i

h

j

. If

Uv

i

(or Uv

j

) lies inside V

j

(or V

i

) the line h

i

(or h

j

) of cone

d

h

i

h

j

will be replaced by line

a (or b).

Figure 8 shows the domains DGr

1

and DGr

2

for

the basic contacts 1 and 2 with a block orienta-

tion of 15

o

, and �gure 9 shows the corresponding

domain DGr

12

.

5.3. Three Basic Contacts

The dual representation of the domain of possible

reaction forces for three basic contacts i, j and k,

DGr

ijk

, can be built as the union of four dual

regions: DGr

ij

, DGr

jk

, DGr

ik

and a polygonal

region, P

ijk

, bounded by the axes of the cones

c

a b

(ij)

,

c

a b

(jk)

and

c

a b

(ik)

.

The region P

ijk

can be determined by the intersec-

tion of any two of the three cones

b

C

i

,

b

C

j

and

b

C

k

,

cone

b

C

�

being the region bounded by the axes of

c

a b

(��)

and

c

a b

(�
)

that do not contain the vertex

of

c

a b

(�
)

.

!!!!!!
!!!!!!
!!!!!!
!!!!!!

Uv1

Uv2

333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333
333333333

DGrAB2

AB1
DGr

12
P

Fig. 9. Domain DGr

12

.

!!!!
!!!!
!!!!
!!!!

Uv1

Uv2

DGr1

DGr
2

DGr3

Fig. 10. Domains DGr

1

, DGr

2

and DGr

3

.

Figure 10 shows the three domains DGr

1

, DGr

2

and DGr

3

, for basic contacts 1, 2 and 3 respec-

tively

1

, with a block orientation of -45

o

; �gure 11a

shows the corresponding domains DGr

12

, DGr

23

and DGr

13

; and �gure 11b shows the cones

b

C

2

and

b

C

3

and the region P

123

de�ned by them.

5.4. More Than Three Basic Contacts

Since planar movements have only three degrees

of freedom, the dual representation of the domain

of possible reaction forces for n basic contacts,

with n > 3, can be built as the union of the

�

n

3

�

dual regions representing the domains of possible

reaction forces DGr

ijk

for each possible subset of

three contacts.

1

Notice that according to the nominal models of the block

and of the corner it is not possible to reach only three basic

contacts, but due to uncertainty it is.
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123

C3

2C

888
888

88888
88888
88888

33333
33333
33333

ab12
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23

<<<<<
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888
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33333
33333
33333

DGr
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<<<<<
<<<<<
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Fig. 11. a) Domains DGr

12

, DGr

23

and DGr

13

; b) Cones

b

C

2

and

b

C

3

de�ning polygonal region P

123

.

5.5. One Type-2 Basic Contact

Any force of the domain DGr of one type-2 basic

contact will satisfy two conditions similar to those

described for the case of one type-1 basic contact

(subsection 5.1):

1) Contact-point Condition: The line of the re-

action force must intersect the uncertainty geo-

metric region of the contact edge. This region is

built by linking the uncertainty regions Uv of the

two vertices of the edge by two tangents (�gure 3)

(Basa~nez and Su�arez, 1991). Forces through any

point of the contact edge are equivalent to a pos-

itive linear combination of two forces, each one

through one of the edge vertices. The same ef-

fect takes place in the presence of uncertainty; so,

forces satisfying the contact-point condition can

be obtained as a positive linear combination of

forces through Uv of the two vertices.

2) Direction Condition: The reaction force direc-

tion must lie inside the contact friction cone en-

larged by the orientation uncertainty of the con-

tact edge. The di�erence with type-1 basic con-

tacts is that now the orientation of the dual rep-

resentation of the friction cone is invariant for any

orientation of the block because the contact edge

belongs to it.

Satisfying these conditions means that DGr coin-

cides with the positive linear combination of two

forces with directions inside cone

d

ci cs, each one

intersecting the region Uv of each vertex. There-

fore, a situation with an unique type-2 basic con-

tact can be considered as a situation with two

type-1 basic contacts with the same friction cone.

As a consequence, the segment AB lies at in�nity

and cone

c

a b coincides with cone

d

ci

?

cs

?

.

As an example, consider the basic contact 5. Fig-

ure 12a shows the dual regions H

2

and H

3

, rep-

resenting the possible forces through the vertices

2 and 3 of the block, and the cone

d

ci

?

cs

?

; and

�gure 12b shows the corresponding domainDGr

5

for this type-2 basic contact.

Similarly, the set DGr of a contact situation with,

for instance, one type-2 and one type-1 basic con-

tacts can be determined in a similar way as for a

three type-1 basic contacts situation.

6. OBSERVED REACTION FORCES

A sensed generalized force may indicate a real re-

action force belonging to a given domain DGr if

any of the forces contained in the corresponding

uncertainty parallelepiped U

g

(subsection 4.2) be-

longs to DGr. In such a case the reaction force is

considered to belong to the domain.

This condition can be tested by analyzing the rel-

ative position of the dual points describing the

generalized forces given by the vertices of U

g

and

the domainDGr. The algorithms to perform this

test for any number and type of basic contacts are

described by Su�arez, Basa~nez and Rosell (1994).

7. CONCLUSIONS

The dual-force representation gives rise to a con-

venient methodology for determining the sets of

reaction force that can appear in the presence of

uncertainty, for all possible contact situation of an

assembly task of polygonal objects. This method-

ology can be also applied to the assembly of poly-

hedral objects moved in a plane.
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DGr

H
2 H

3

csci

5

Fig. 12. a) regions H

2

, H

3

and cone

d

ci

?

cs

?

, b) Domain DGr

5

(type-2 basic contact).

The proposed approach is specially relevant since

it takes into consideration friction and geomet-

ric uncertainties. In the same way, uncertainty in

the measurement of the generalized reaction force

during task execution is easily taken into account.

The method has been implemented on a Sili-

con Graphics workstation (Crimson/ELAN). The

time to decide if a generalized force belongs to

a given domain DGr of the block-in-the-corner

problem is, in the worst case, 300 �s.

The proposed methodology forms part of an au-

tomatic system for planning and execution of as-

sembly tasks with robots.
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