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Abstract

In order to optimize the assembly operations, an op-
timization index is necessary. In this line, the paper
presents a new definition of difficulty for mating oper-
ations. This definition considers the geometry of the
objects and the strategy used to mate the parts, so that
both aspects can be evaluated for the ease of the task.
Uncertainties can be considered in a natural way, just
taking into account the statistical distribution of the
parameters. The application of the definition is illus-
trated with an example of the cylindrical peg-into-hole
assembly task.

1 Introduction

The optimization of any operation requires some in-
dicators that have to be maximized (or minimized)
in some sense. This is not the exception in assem-
bly operations, where the main index to be optimized
is the “economical cost”. But this cost depends on
different factors like, for instance, the time needed to
perform the assembly, the cost of the necessary equip-
ment, or the quality of the assembly in terms of the
reaction forces between the parts during the assembly
(i.e. avoiding large interaction forces that can damage
the parts).

The common variables that affect the cost of an as-
sembly can be grouped into two types:

a) The cost due to the parts themselves: design (e.g.
inclusion of chamfers), physical properties (e.g. the
friction coefficient), manufacturing (e.g. tolerances);
b) The cost due to the assembly operation: hardware
(e.g. the robot), software (e.g. the strategy), the mat-
ing action itself (e.g. time, energy).

These variables have to be combined and balanced
to reduce the global cost of the assembly. while keeping
a desired rate of success in the assemblability. One
of the problems is that they are not independent of
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each other (for instance, the strategy may be different
if the objects to be assembled have chamfers or not),
and they are also related to other aspects (for instance,
besides both the functionability and the assemblability,
the design may take into account the transportation
and storage of the parts).

Therefore, the optimization of the global cost of an
assembly is quite complex and it is usually done by
considering only some of the variables, and assuming
that the others have fixed values or are constrained
to be in a fixed range. Finally, the real economical
cost is also a function of the number of products to be
assembled and the amortization of the whole system.

Within this context it is the mating action itself,
i.e. the action that joins the parts such that they can
be considered successfully assembled, which is the key
part of the assembly process. Analyzing the econom-
ical cost of the mating action should not be done un-
less the whole context explained above is considered,
so another criterion must be used to optimize (in some
sense) the mating operation, whether it is performed
with a robot, a special device or just by hand.

For this purpose, there is an intuitive concept that is
the “difficulty” of a task. Everybody will have a clear
idea if someone else says that one task is more difficult
than another one. The problem is: how can the diffi-
culty of a task be quantified? If possible, the difficulty
of a task could be used as an optimization index for
the mating operation without computing the global
cost of the whole assembly process (which should be
ultimately done at another level).

Previous works in this line have started with the
analysis of manipulability of the assembly device (usu-
ally focused on the kinematics of the robot) to deter-
mine an index for the dexterity of the device (e.g. [8]
[4]). The influence of the geometry of the task was also
analyzed (e.g. [9] [2] [5]). Explicit merging of the end
effector dexterity and the task constraints was then
presented (e.g. [6]). More recently, another index of
difficulty of assembly task was presented considering
the geometry of the mating objects and the gripper,
regardless of the kinematics of the robot [1]; this index
is based on a geometric analysis of the tool access to



the target point, the necessary reorientation of the tool
and the linear clearance of the gripper.

In the same line, the aim of this work is to intro-
duce a formal definition of the concept of “difficulty”
for mating operations, so that it is general enough to
be applied in the presence of different sources of un-
certainty and based on the geometry of the task and
the strategy followed to perform it. The proposed ap-
proach was derived from a previous work by the au-
thors [7] dealing with a general cost function for as-
sembly tasks. The relation with the common criteria
(for instance, the mating time) used to optimize the
economical cost will be discussed later.

2 The Concept of “Difficulty”

Let us first review from an intuitive point of view
when an assembly task can be considered to be a “diffi-
cult one”. There two main sources of difficulty:

1. Tt is not known which features should be mated.
2. The relative position of the mating features is not
precisely known.

The first point is a difficulty when there is no infor-
mation about the way the parts have to be put together
to assemble the final product (like a puzzle). This can
be really a problem when there is a large number of
complex parts. Nevertheless, in general, this is not a
problem for industrial assemblies, since the objects are
designed to mate in some particular way that is known
when they have to be assembled.

The second point is a difficulty that arises when the
uncertainty in the relative position of the mating fea-
tures is too large to guarantee that the parts can be put
together (assembled) without any contact during the
assembly operation, i.e. a clean assembly is unlikely.
The possible problem, due to the contact between the
parts, is that they can be jammed before reaching the
final position when they are put together following a
fixed movement. This is the real source of difficulty in
the mating operation itself.

If there is no uncertainty in the position of the mat-
ing features, a nominal path can always be followed
without any difficulty (note that factors like the length
or the shape of the path themselves do not affect the
difficulty).

If there is uncertainty in the position of the mat-
ing features, it can be compensated for by the clear-
ance between the objects, i.e. if the clearance is large
enough, the assembly can be performed with null dif-
ficulty. Nevertheless, in practice, uncertainties are al-
ways present and the clearances cannot be arbitrarily
enlarged due to, for instance, functionality constraints
and the fact that the effect of large clearances can be a
source of position uncertainty in a chain of parts [7][3].
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Figure 1: Relation between clearance and precision: the
second reduction is critical for the precision of the po-
sitioning system.

Usually, problems appear when the clearance is sud-
denly reduced to a level below the precision of the po-
sition knowledge during the assembly movement, as it
1s illustrated in figure 1. One approach to minimize
this effect was found in the progressive decrease in the
clearance during the assembly such that the physical
constraints to the movement work as guides to prop-
erly proceed with the assembly. This progressive re-
duction of the clearance can be done in two different
ways: by properly changing the shape of the parts (e.g.
using chamfers), and by looking for suitable assembly
strategies (e.g. tilting the peg to “find” the hole at the
beginning of the insertion)

The progressive decrease in the clearance allows the
use of the reaction forces to adjust the relative posi-
tion of the objects using passive or active compliance.
At this level, the difficulty is related to the ability to
use the geometrical constraints as guides for the move-
ment, which includes the suitable use of reaction forces
and torques. Friction must be considered at this point
because it affects the direction of the reaction forces.

Therefore, the difficulty is a function of how much
one object becomes an obstacle for the trajectory of
the other object when they are moved to be assembled.
Thus, the following aspects determine the difficulty in
performing a mating operation:

e Uncertainty in the position of the mating features
o Precision of the positioning devices
o Object tolerances
o Clearances between objects already assembled

e The nominal shape of the parts
e The strategy to perform the assembly

There is another important point related to the dif-
ficulty of a task. When the difficulty is evaluated (even
in an intuitive way), it is implicitly assumed that the
task is going to be successfully performed. If a rate
of success smaller than 100% is acceptable, which is
the variation in the difficulty of the task? It is clear
that the difficulty is related to the desired percentage
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Figure 2: Same task with different distribution of prob-
ability.

of success in the execution of the task. Let us illustrate
the idea with a simple example. Consider the assembly
of a peg into a hole with two translational degrees of
freedom shown in figure 2. The probability distribu-
tion of the position of the peg along w-axis is uniform,
with two different ranges. In the first case, the range
is coincident with the outer width of the chamfer and
in the second case it is 20% larger. When using a com-
pliant device, the first case will always be successfully
assembled while in the second case the rate of success
will be 80%. The difficulty in the second case is larger
than in the first one if 100% of success is desired (addi-
tional actions have to be taken), but if a rate of success
of 80% is accepted, then the difficulty in both cases will
be the same.

3 Definition of “Difficulty”
for mating operations

In this section the intuitive discussion of section 2
is formalized in order to quantify the difficulty of a
mating operation.

Let a be a feature of a manipulated object A that
is going to be assembled with a feature b of a static
object B. Let p, be the initial configuration of A, and
T the path followed in Configuration Space from p,
to a final configuration pg, in which the assembly is
considered to have been successfully completed.

Let t(p) be the direction of the commanded move-
ment of A at the configuration p € T, and n;(p) be
the external normal to the C-surface; if p 1s a contact
configuration, or the null vector otherwise. Then:

Definition: The difficulty D of the assembly of A with
B is given by

b=s /a,long - lzt(l’) ‘fli(p)] dp

(2

Note that n;(p) depends on the geometry of the
parts and f(p) on the assembly strategy, i.e. f:(p) de-
termines the path T, including the effect of friction in
the contact configurations. When there is no uncer-
tainty, the difficulty evaluates how well the assembly
strategy fits the geometry of the parts. In the absence
of uncertainty and without external constraints null
difficulty should be achieved.

In the presence of uncertainty not all the variables
involved in the definition can be exactly known, but
just their statistical distribution of probability; thus,
the difficulty must be computed statistically, weight-
ing the difficulty D of each possible solution with the
probability of occurrence of that solution. Traditional
statistical procedures can be used to compute D in the
presence of different sources of uncertainty with differ-
ent distributions of probability.

Note that the difficulty tends to zero when the strat-
egy allows to arrive always at the goal following a nom-
inal trajectory, the length of the trajectory being irrel-
evant. On the contrary, the difficulty tends to infinity
when hundred per cent of success is desired and the
task is unlikely to be solved.

4 Relation between difficulty
and cost

As it was pointed out in the introduction, the dif-
ficulty is not a direct measure of the economical cost
of performing a task, which can involve factors other
than those strictly related with the mating operation.

Difficulty D is an indicator of the adjustments that
are necessary in order to perform the mating opera-
tion under certain conditions and with a given strat-
egy. The greater D, the greater the time, energy, or
interaction forces (typical parameters to be optimized
in a mating operation) will be, and therefore it is an
indirect measure of the “cost” of the task in terms of
these parameters; nevertheless, it is possible, for in-
stance, to solve two tasks with different D in the same
time, but increasing then the reaction forces during
the operation. As an example, consider the assembly
of figure 2. If the strategy is to move the peg straight
down with constant velocity and the precision of the
system allows the peg to arrive always at the cham-
fer of the hole, the use of a passive device (RCC) may
solve the task in the same time, despite the angle of
the chamfer (within some limits), but the interaction
force will be higher for chamfers with smaller slopes,
which is coincident with the notion that the smaller
the slope the larger the difficulty. If a constraint in the
module of the reaction force is imposed, then the most
difficult task will take more time.
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Figure 3: Peg P into a hole H.

5 Example: assembly of a peg
into a hole in the presence of
uncertainty

In order to illustrate the application of the proposed
index, in this section the statistical difficulty of the as-
sembly of a cylindrical peg P into a cylindrical cham-
fered hole H, considering only translational degrees of
freedom, is evaluated.

The nominal sections of the peg and the hole along
the symmetry axis are shown in figure 3. According
to the nominal models, the symmetry axis of the peg
and the hole are initially aligned, and the assembly
commanded movement is constant along the negative
z-axis, i.e. £ = (0,0, —1). The following uncertainties
are initially considered:

a) The position of the peg in the xy-plane. Let us
assume that the accumulation of uncertainty due to
previous subassemblies and/or the local positioning of
the peg with respect to the hole allows the peg to have
configurations pp = (pa,py,p-) With p; and p, inside
a circle of radius 7, . centered on the nominal posi-
tion pp, = (0.0,p.,), and with probability distribution

d(pp) =31 —7/rp,.0. )/ (77p,...) where r = \/x2 4+ ¢
(figure 4).
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Figure 4: Probability distribution of the pose of P with
respect to H.
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Figure 5: Tolerances in the size of H.

b) The radius of the hole. Let us assume that the
tolerances in the object manufacturing allows the ra-
dius 3, of the hole to uniformly vary between £6; from
the nominal value 75, (figure 5).

c) The machining of the chamfer of the hole. Let
us assume that the bit used for the machining of the
chamfer has a uniform positioning error along the z-
axis in the range +4; with respect to the nominal posi-
tion. This will keep the angle « of the chamfer constant
and the radius 7, of the top bound of the chamfer will
be unknown, but it will have a deviation from the nom-
inal value r;, bounded by £4,, being 65 = d; tan(«)
(figure 5).

The geometric uncertainties are illustrated in the
slice of Configuration Space shown in figure 6.

Since t = (0,0, —1) is constant, then —(t - n) = n.,
n, being the component of n along z-axis. From the
definition of n and due to the symmetry of the objects,
n, can be expressed as a function of the distance r from
the nominal position as follows (refer to figure 6):
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Figure 6: Geometric uncertainties in Configuration

Space.
Ny, =0 0<r<rgy
n.,, =0ormn, =sinc re < r< Ty
n.(r) = n., =sina if rmy<r<re

ny, =sinaor n., =1 r. <r<ryg
Ny, =1 rg < 1< re
Then, the difficulty D(r) of the assembly from a dis-
tance r is given by:

interval  difficulty D(r)
[Fa»Ts] if 74, > 71 Dgpy(r) =0
if 75 <72 Digpy(r) =nz (r —73n)
[r6,7¢]  Dpey(r) =1z, (1 —74) + Dyq, b) (rp)
[re,7d] ifrg > Diga (r)=mng (r—
if r, <7r: A solution
[rd,re] A solution

In some intervals the difficulty is also a function of 7y
and 7, which are not known with precision due to un-
certainty. In these cases, the probability distributions
of 7, and r¢ are used to compute the average difficulty
and to obtain a difficulty function with = as the only
independent variable. Thus, if the assembly is possible,

o (r=m) ny (ra —1)°
D = )y ——————— drpy = ————
(a0 (r) / " =) T 2 =)
Dpoy(r) = nu(r—1rs) + Diapy(ms)

Dicay(r) = sy (r = 70) & Divy (1)
Then, the statistical total difficulty D of the task is

1 >0
D = m/ﬂ 2 rd(r) D(r) dr =

2 min(rpmax \Td) 3 _
= —77/ r w D(r) dr
(1-F) T

Pmax
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/
/
/
/
0.8+ /
/
/
/
/
0.6+ /
/
/
/
/
/
/
0. 44 /
/
/
/
/
/
/
/
/
0.2 /
,/
/ //
o 0.5 i 15 2 2’5

Figure 7: D(r), difficulty as a function of r.
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Figure 8: Probability of failure as a function of vy, .. .

where F, the index of failure for this strategy, is

Tawa "Pmaz Yy (] )
dr drp
/ / Td — Te

Te if 7. ST
with 74us = § Tppee  H 1e <7p,., <74
T4 otherwise

Numerical examples

Being: rp,, = 1.5, rp, =2, a =7/4, 0, = 0.3, 0, = 0.3,
lo, =1and rp,,, = 30, then: §; = 0.3, ro, = 3,
To =17, 1 =23, 1. =27, 74 =33, 7. =5, n,, =0
and n,, = 1/v/2 and n,, = 1. With these numerical
values, the resulting difficulty function D(r) is shown
in figure 7, and the statistical total difficulty of the
task is D = .067, which drops to D = .016 if »p,, is
reduced from 3.0 to 2.5. Figure 8 shows the probability
of failure as a function of r, . . Finally, figure 9 shows
D(ry,,..) for different task conditions.
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Figure 9: D(rp,...) for: a) a=45°, 6, =0.3, r,, =2;
b) o =50 0, =03, rp, =2; ¢) @ =45°, &, =0.1,
rn, =2; and d) a=45°, §;,=0.3, r,, =2.1.

6 Conclusion

The intuitive concept of difficulty has been formal-
ized for assembly operations. The proposed approach
takes into account the factors that are inherent in the
mating operation: the geometry of the parts and the
strategy to perform the task. Uncertainty can be sta-
tistically taken into account.

The approach is based on a reviewed version of the
cost measure introduced in [7] such that the movement
to solve the task does not need to be on a straight
line (constant direction) and the effect of friction is
included in a completely different way: instead of af-
fecting a local cost function, in the proposed definition
of difficulty it affects the path that the manipulated
object will follow in the Configuration Space under a
certain assembly strategy.

The difficulty of a task is not a direct index of the
economical cost of performing the assembly, but it pro-
vides an index to analyze the influence of the object
shape, the assembly strategy and the effect of different
sources of uncertainty on the optimization of mating
operations.
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