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Abstract

A statistical measure of the cost of assembling two

mating features is presented. It is based on how well

the geometry of the task compensates, during the as-

sembly, the uncertainties associated with the mating

features: manufacturing tolerances and the pose un-

certainty. The latter is due either to the accumulation

of tolerances and clearances between mating features

that are previously assembled or to the positioning er-

rors of an assembly robot. The proposed measure al-

lows a systematic evaluation of the assembly cost for a

given assembly sequence, thus providing a method for

evaluating assembly sequences and selecting an opti-

mal one from the assembly point of view. The in-

uence of di�erent sources of uncertainties and the

assembly procedure can also be evaluated with the pro-

posed cost index. The paper includes an example to

illustrate the use of the proposed cost measure.

1 Introduction

A product should be designed not only for the func-

tionality but also for the manufacturability and as-

semblability. These factors are often reected in the

speci�cation of tolerances and clearances involved in

the mating features of parts. Although functionality,

manufacturability, and assemblability are of prime ne-

cessity, it is also very important to consider, in the

design, the di�culty of assembly with a direct con-

nection to assembly cost. A product may meet the

speci�cations of tolerances and clearances that ensure

its assemblability, but the di�culty of its assembly

may be too high to be acceptable.

The relationship between the di�culty of product

assembly and the speci�cation of tolerances and clear-

ances associated with mating features is not as obvious
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Figure 1: Advantages and disadvantages of the clear-

ance in a three object assembly.

as one might imagine. For instance, in the assembly

of a chain of parts and subassemblies, the clearance

that makes a part-mating easier may increase the dif-

�culty for the next assembly (�gure 1). Suppose that

object 2 is �rst assembled with object 1, and then ob-

ject 3 is added to the resulting subassembly. A large

clearance between objects 1 and 2 will make the �rst

step easier but will generate larger uncertainty in the

position of object 2, i.e., the mating feature for the

second step, as shown in �gure 1b. This makes the

�nal step of the assembly more di�cult, and the as-

sembly cost of object 3 can be large, since it becomes

necessary to use �xtures [1], a speci�c sensor measure-

ment or a �ne-motion strategy [2], in order to reduce

the uncertainties for the second step of the assembly.

In assembly planning, it is necessary to have a vi-

able method for automatically selecting optimal as-

sembly sequences in terms of assembly cost since there

is a large number of feasible assembly sequences in-

volved in product assembly [3][4]. However, the de-

velopment of such a method has been hampered by

the di�culty of establishing good performance crite-

ria that can be directly linked to assembly cost. For

instance, a measure of selecting preferred assembly se-

quence is the degree of uncertainties in part positions

during assembly de�ned in terms of entropy [5][6].

Yet, this measure is concerned with a high level deci-

sion on part mating poses in terms of part geometries;



this does not address the uncertainties associated with

mating operations both due to both tolerances and

clearances of mating features and tool positioning er-

rors. The latter is more directly connected to assem-

bly cost. Other criteria for selecting optimal assembly

sequences have been proposed, including stability, ma-

nipulability, directionality, etc; they are based on the

number of required �xtures as well as on the num-

ber of required reorientations, and can be used for the

estimation of assembly cost [7]. For instance, the sta-

bility of subassembly, either based on geometric form

closure [8] or on force balance [9][10][11], may be an

important factor for determining the required num-

ber of �xtures and reorientations during the assembly.

However, selecting an assembly sequence based on the

above criteria, including stability, is necessary but not

su�cient: the cost associated with mating operations

(in terms of the uncertainties of mating poses resulted

from tolerances and clearances) should ultimately be

incorporated into the optimization process.

In this paper, we present a statistical measure of as-

sembly di�culty that provides a cost index for mating

operations. The main purpose is to obtain the system-

atical evaluation of the cost associated with di�erent

assembly sequences of a product. The measure can

also be used to evaluate the inuence of di�erent un-

certainties, the assembly direction, and the shape of

the objects in the assembly cost of the product.

2 Measure of the assembly cost

2.1 Problem Statement

Consider an assembly operation that, according to

the nominal model of the objects and their nominal

positions, is able to be solved with a movement along

a given degree of freedom. The di�culty of such an

assembly operation is a function of the uncertainties

that produce geometric deviations in the degrees of

freedom orthogonal to the assembly movement (�g-

ure 2). The greater the e�ect of these uncertainties,

the more di�cult the assembly is. Since the deviations

due to these uncertainties are not exactly known, their

e�ect has to be considered statistically.

In this context, the problem addressed in this work

is the statistical quanti�cation of the cost of an as-

sembly operation according to how well, during the

assembly, the geometry of the objects can decrease

the e�ect of the uncertainties orthogonal to the mat-

ing direction.
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Figure 2: Assembly direction (

^

t) and uncertanties in-

creasing the di�culty of the task (u).

2.2 Proposed approach

In the proposed approach, the cost of the assembly

of two mating features is statistically computed. It is

done by considering the cost of the assembly from each

possible initial con�guration of the objects (compati-

ble with the nominal one), weighted by the probability

of the occurrence of that con�guration.

For any initial con�guration, the cost is evaluated

as the summation of a local cost at each point of the

path from the initial con�guration until a goal con�g-

uration.

The local cost can be de�ned according to di�er-

ent criteria, but it is basically a function that locally

indicates how much one of the objects constrains the

movement of the other in the assembly direction; thus,

any non-contact con�guration has zero local cost; a

contact con�guration that does not allow the move-

ment in the assembly direction has a maximum lo-

cal cost; and in any other contact con�guration, the

local cost will be a function of the relation between

the assembly direction and the unitary normal to the

C-surface associated in Con�guration Space with the

contact situation.

Assuming that the mating movement direction of

one object with respect to the other has already been

determined by any procedure (e.g. any assembly plan-

ner), the following items are directly considered in the

approach:

a) The uncertainty a�ecting the relative position be-

tween the features to be assembled. This uncertainty

is due to the accumulation of uncertainty from previ-

ous assembled objects (i.e. tolerances and the e�ect of

clearances as in �gure 1) plus the uncertainty of the

assembly device itself (e.g. the robot).

b) The geometry of the features to be assembled.

The shape of the objects a�ects the way in which the

assembly is performed when there is uncertainty (e.g.

use of chamfers). In this sense, one characteristic of



the proposed approach is that the cost (di�culty) of

the assembly operation is not just a function of the

\clearance", but a function of the \variation of the

clearance" during the evolution of the assembly.

c) The uncertainty a�ecting the geometry of the fea-

tures to be assembled. The e�ect of tolerances of the

object manufacturing must also be statistically con-

sidered in the cost evaluation.

Formal de�nition of the approach

Given two mating features F

i

and F

j

, the assembly

direction

^

t, and being ~p

j

the relative initial pose of F

j

with respect to F

i

, then (refer to �gure 3):

De�nition 1. The Play C

j

of feature F

j

with

respect to feature F

i

is the set of possible poses of F

j

relative to F

i

, once they have been assembled (C

j

can

be considered to be the goal of the assembly).�

De�nition 2. The Direct-Assembly region R

j

of

F

j

is the set of poses swept by C

j

along -

^

t (R

j

is a par-

ticular case of the back-projections de�ned in [13]).�

De�nition 3. The Mate-Adjustment M

j

(~p

j

) of

feature F

j

is the path which, in order to perform the

task, the assembly device will follow to displace F

j

from ~p

j

to ~p

c

2 R

j

(Note that M

j

(~p

j

) may depend

both on the device and the strategy used to solve the

task).�

De�nition 4. The cost of the assembly operation

of F

i

and F

j

from ~p

j

is

f(~p

j

) =

Z

M

j

(~p

j

)

g(~p) dp

where g(~p) is the local cost associated with each pose

~p 2M

j

(~p

j

).�

De�nition 5. The Statistical Cost D of the as-

sembly of two mating features F

i

and F

j

is:

D =

Z

domain(~p

j

)

f(~p

j

) d(~p

j

) dp

j

where d(~p

j

) is the probability distribution of ~p

j

.�

Procedure to compute D

1. Given the nominal conditions and the assembly

direction

^

t, compute the probability distribution

d(~p

j

) of the initial pose ~p

j

of feature F

j

with re-

spect to F

i

by:

(a) propagating the pose uncertainty due to pre-

vious subassemblies (tolerances and clear-

ances).

(b) adding the positioning system uncertainty.

~p

c

~p

j

M

j

^

t

R

j

C

j

Figure 3: Con�guration space of F

j

referred to F

i

.

2. For each initial pose ~p

j

compute the cost of the

adjustment in the object positions in order to per-

form the assembly by:

(a) computing the pathM

j

(~p

j

) to solve the task.

(b) computing the cost f(~p

j

) of the path as the

summation of the local cost g(~p) in each

point ~p 2M

j

(~p

j

).

3. Compute the statistical total cost D of the as-

sembly as the summation for each initial pose ~p

j

of the cost f(~p

j

) weighted with the probability

density d(~p

j

).

2.3 On the uncertainties in the pose of

mating features due to tolerances and

clearances

As pointed out previously, the uncertainties in the

pose of mating features come either from the accumu-

lation of tolerances of, and clearances between, mating

features already assembled or the positional errors of

mating tools such as a robot. Since the positional

errors of mating tools are straightforward to de�ne,

we will then focus on how the accumulation of toler-

ances and clearances determines the uncertainties in

the pose of mating features.

In general, the pose and dimension of mating fea-

tures of a part are speci�ed in the design in terms

of their nominal values and associated tolerances [12].

Then, the clearance between two mating features can

be determined from the nominal clearance range de-

�ned from the nominal dimensions of two mating fea-

tures and the tolerance of clearance range de�ned from

the tolerances in the nominal dimensions of individual

mating features. The uncertainties associated with

mating features are then determined from the pose tol-

erances and clearances of individual mating features.

For instance, assuming that a part A is placed on the

�xture, the uncertainty in the pose of a mating fea-

ture a1 of A can be determined by the pose tolerance



associated with a1. Also assume that we bring part B

to assemble with part A such that the mating feature

b1 of B mates with a1. Then, the uncertainty in the

pose of a mating feature b2 of B can be determined by

the Minkowsky sum of the pose tolerances of a1 and

b2 as well as the clearance range between a1 and b1.

Assembly involves the combination of serial and

parallel chains of mating operations that is de�ned by

a particular assembly sequence. A serial chain opera-

tion is here understood as the mating operation which

does not interconnect between two parts or subassem-

blies placed on �xtures. In this case, a mating feature

of a part, or a subassembly which is to be mated with

a mating feature of another part, or a subassembly on

�xtures, is free to move in space. On the other hand,

a parallel chain operation involves the mating of two

parts or subassemblies which are placed on �xtures.

In a serial mating operation of B with A (A is �x-

tured) at the mating features of a1 of A and b1 of B,

where A and B are either a part or a subassembly, the

uncertainty in the pose of a mating feature, b2, of B is

the accumulation (or the statistical Minkowski sum)

of the pose uncertainties of a1 and b2 and the clear-

ance range between a1 and b1. In a parallel mating

operation of B and A (both are �xtured) at the mating

features a1 of A and b1 of B, the pose uncertainties of

a mating feature b2 of B is the intersection of the pose

uncertainties of b1 with the pose uncertainties of a1,

accumulated with the clearance range between a1 and

b1. The actual computation of this accumulation and

intersection of pose uncertainties can be performed,

for example, by representing the tolerance and clear-

ance volumes in the coordinate frame in the form of

ellipsoids, and by applying the Monte-Carlo simula-

tion method for the statistical computation involved

in tolerance propagation, accumulation, and intersec-

tion. For more details, refer to [12].

3 Example : Determination of an op-

timal sequence

The example of �gure 1 considering only transla-

tional degrees of freedom will be used to illustrate the

selection of a better assembly sequence according to

the evaluation of the total assembly cost.

Let 2h

1

and 2h

3

be the width of the holes H

1

and

H

3

in objects 1 and 3 respectively, and 2p

2

be the

width of the peg P

2

, i.e object 2 (�gure 4). The clear-

ance between H

1

and P

2

is c

1;2

= 2(h

1

� p

2

) and be-

tween H

3

and P

2

is c

2;3

= 2(h

3

� p

2

). In order to

simplify the example, the uncertainty in the object

Object 2

Object 3

H

3

H

1

H

1

H

3

Sequence 1 Sequence 2

P

2

P

2

Object 1

H

3

P

2

H

1

2p

2

2h

3

2h

1

Figure 4: The three object to be assembled.

shape and size is neglected. Considering the assembly

direction parallel to the y-axis, and since there are no

chamfers, the local cost is constant for any con�gu-

ration in which the objects cannot be assembled,i.e.

g(x) = n

y

.

Let us assume that the �rst object is precisely

placed on the �xture and that the manipulator used

for the assembly has a uniform deviation in the range

��

r

, which will also be the deviation in the positioning

of the second and third objects when they are manip-

ulated. The symmetry axis of the objects are nomi-

nally aligned for the assembly. Next, the cost of the

two possible assembly sequences will be analyzed.

Sequence 1: H

1

with P

2

and then H

3

.

Cost D

1;2

of the assembly of H

1

with P

2

. Since the

manipulator deviation has a uniform distribution, the

statistical distribution d

1

(x) of the initial pose of P

2

with respect to H

1

is also uniform, as is shown in

�gure 5. Since the local cost is constant, g(x) = n

y

,

then f(x) = n

y

(x � c

1;2

), and the total cost D

1;2

of

this subassembly is:

if �

r

< c

1;2

then D

1;2

= 0 else

D

1;2

= 2

Z

�

r

c

1;2

n

y

(x� c

1;2

)

1

2�

r

dx =

n

y

(�

r

� c

1;2

)

2

2�

r

Cost D

2;3

of the assembly of H

1

and P

2

with H

3

. Here,

besides the manipulator deviation, the e�ect of the

play of the previous subassembly must be analized.

Considering that the position of P

2

inside H

1

has a

uniform distribution, the resulting statistical distribu-

tion d

2

(x) of the initial pose of H

3

with respect to P

2

is shown in �gure 6. Again, since the local cost is con-

stant, g(x) = n

y

, then f(x) = n

y

(x � c

2;3

), and the



d

1

(x)

1=(2�

r

)

x

x

y

2c

1;2

-�

r

�

r

Figure 5: Distribution of probability d

1

(x) of the initial

con�guration of P

2

with respect to H

1

and the corre-

sponding Con�guration Space.

1=(�

r

+ c

1;2

)

d

2

(x)

x

x

y

-�

r

� c

1;2

�

r

+ c

1;2

2c

2;3

Figure 6: Distribution of probability d

2

(x) of the initial

con�guration of H

3

with respect to P

2

and the corre-

sponding Con�guration Space.

total cost D

2;3

of this subassembly is:

if �

r

+ c

1;2

< c

2;3

then D

2;3

= 0 else

D

2;3

= 2

Z

�

r

+c

1;2

c

2;3

n

y

(x� c

2;3

)d

2

(x) dx =

=

n

y

(�

r

+ c

1;2

� c

2;3

)

3

3(�

r

+ c

1;2

)

2

Total Cost D of the assembly. D is the summation of

the costs of each assembly operation of the sequence,

D = D

1;2

+ D

2;3

Sequence 2: H

3

with P

2

and then H

1

.

The costs of each subassembly are determined analo-

gously to those of sequence 1.

0

0.2

0.4

0.6

0.8

0 0.5 1 1.5 2 2.5

Sequence 1

Sequence 2

Figure 7: Cost D(�

r

) for each sequence.

Cost of the assembly of H

3

with P

2

.

if �

r

< c

2;3

then D

2;3

= 0 else

D

2;3

= 2

Z

�

r

c

2;3

n

y

(x� c

2;3

) dx =

n

y

(c

2;3

� �

r

)

2

2�

r

Cost of the assembly of H

3

and P

2

with H

1

.

if �

r

+ c

2;3

< c

1;2

then D

1;2

= 0 else

D

1;2

=

n

y

(�

r

+ c

2;3

� c

1;2

)

3

3(�

r

+ c

2;3

)

2

Total Cost D of the assembly. D = D

1;2

+D

2;3

.

Numerical examples

Let us now consider some numerical examples. Let be:

n

y

= 1, �

r

= 1:25, h

1

= 10, h

3

= 9:5 and p

2

= 9 (then

c

1;2

= 1 and c

2;3

= 0:5). The resulting costs are:

sequence 1: D

1;2

= :025 D

2;3

= :352 D = :377

sequence 2: D

2;3

= :225 D

1;2

= :045 D = :270

thus, sequence 2 is better than sequence 1 from the

assembly point of view. In fact, if the robot has pre-

cision �

r

< c

2;3

, sequence 2 always allows to solve the

task without any adjustment, which is not the case in

sequence 1. Figure 7 shows the cost D(�

r

) for both

sequences. Moreover, both D

1;2

and D

2;3

are propor-

tional to n

y

because the local cost is independent of x;

therefore, if we add chamfers to the peg (wider than

�

r

+c

2;3

to guarantee that g(x) = n

y

is still valid), the

cost of the assembly can be reduced according to n

y

,

e.g. with the sinus of the chamfer slope. If the cham-

fer is not wider than �

r

+ c

2;3

, the cost will also be

reduced but new expressions for D

1;2

and D

2;3

must

be determined.



4 Discussion

The proposed measure of the assembly cost is sim-

ple enough to be statistically computed in real cases

and, at the same time, it combines the main variables

that can be manipulated in order to optimize the as-

sembly. The proposed approach does not consider dy-

namic e�ects; nevertheless, the local cost function g(~p)

and also f(~p) can capture some information related to

friction and expected reaction forces. The e�ect of

friction can be modeled and included in the local cost

function g(~p) for simple cases and, in general, function

f(~p) can be determined without any major problems;

yet, this is not the case for complex assemblies or when

rotational d.o.f are considered [13].

The proposed index of assembly cost must be al-

ways given with the used local cost function g(~p). In

this sense, g(~p) can be selected according to di�erent

criteria like the execution time or the magnitude of

the expected reaction forces. For instance, the ratio

between the local cost outside and on a chamfer can

be increased because in the �rst case more than one

movement is necessary to solve the task. Also, g(~p)

can be increased when the slope of the chamfer is not

enough to allow the peg slide despite friction. On the

other hand, f(~p) depends on the system and on the

strategy used to solve the task; thus, the proposed in-

dex can also be used to evaluate the performance of

an assembly strategy. An easy and systematic way to

represent di�erent strategies by f(~p) is also an inter-

esting open problem.

5 Conclusion

In this paper, a statistical measure of an assem-

bly cost index has been presented and illustrated with

examples.

The measure of the assembly cost indicates how

well the geometry of the objects can compensate the

uncertainties a�ecting the mating features; these are

obtained by statistical propagation of the e�ect of tol-

erances and clearances of the mating features previ-

ously assembled, and also of the positioning errors of

the assembly robot.

The proposed measure provides a statistical cost

index for each subassembly operation in the assembly

of a product. This gives a new parameter for the eval-

uation of assembly sequences in order to determine

the optimal one in terms of the assembly cost; it also

provides a new parameter for the analysis of the inu-

ence of di�erent sources of uncertainty and the mating

movement in an assembly operation.
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