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Abstract

This paper proposes a solution to the problem of grasp analysis and synthesis of 2D
articulated objects with links considering frictionless contacts. The boundary of each

link of the object is represented by a finite set of boundary points allowing links of any
shape to be considered. Grasp analysis is carried out to verify whether a set of contact
points on the object boundary allows a force-closure grasp, while the goal of grasp
synthesis is to determine a set of contact points that allows a force-closure grasp. The
paper describes the process of finding the elements of the generalized wrench vector
generated by a force applied to any link of the articulated object and a procedure to
search for a force-closure grasp based on these generalized wrenches. The approach
has been implemented and some examples are included in the paper.
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1. Introduction

The majority of robots used in industry, at home, at school, or in research carry
out activities or operations which require grasping, fixing or manipulating objects of
different shapes and sizes. Moreover, many of these objects may be articulated, i.e.
composed of rigid links connected by joints or hinges, such as scissors, staplers, doors,
laptop computers, pliers, truck toys and some cell phones. The goal of a grasp is to
constrain the object degrees of freedom despite the possible presence of external force
disturbances (see [1] for a survey on grasping).

Typically, a grasp must satisfy one of the following properties: a) force-closure
(hereafter FC), which means that the forces applied by the fingers ensure object immo-
bility; or b) form-closure, which means that the finger contact positions on the object
boundary ensure object immobility [2]. In the case of a 2D rigid body with three
degrees of freedom grasped by fingers pressing the object at punctual contacts, four
fingers are necessary to ensure an FC grasp if the contacts are frictionless while only
two fingers may be enough if the contacts are frictional. Regarding form-closure im-
mobilization, since the fingers have fixed positions and do not push against the object,
friction is not relevant and four punctual contacts are always necessary. It must how-
ever, be remarked that when the object has rotational symmetry, frictionless contacts



do not allow its immobilization. A detailed discussion abthe number of contact
points necessary for each case can be found in [3] [4].

Several works deal with FC grasps of 2D objects, both polggobjects with three
frictional contacts [5][6] and four frictionless conta¢®[8], and non-polygonal ob-
jects with four frictionless contacts [9] and three frictad contacts [10]. The problem
has also been adressed for 3D objects, both polyhedra witke {il] and four [12]
frictional contacts and objects of any shape with seven fi&jonless contacts and
three [14][15] and four [16] frictional contacts.

Nevertheless, the majority of the work done in the area aéathyyrasping and fix-
turing was centered on 2D or 3D solid object while grasp andipudation of non-rigid
objects were lees common. For instance, there are workmdeeth the immobiliza-
tion of deformable 2D objects using two frictionless [17Hawo frictional [18] con-
tacts. There are also works dealing with the immobilizattdmon-stretchable cloth
polygons [19], showing that it is necessary to pin all theveorvertices plus no more
than one-third of the concave vertices for simple polygenglus no more than one-
third of the concave vertices and two additional pins peeiof polygons with holes.
Dealing with grasping and fixturing of articulated objetks topic of this paper, there
are relevant works based on the use of spatial operatorralgdgporithms for mod-
eling and dynamic analysis of multiple parallel maniputatgrasping an articulated
object [20], interactive perception algorithms [21] or atloision aware reconstruc-
tion system [22] to acquire a model that enables the martipulaf articulated objects
by a robot. Although these works proposed approaches torésping and manipula-
tion of articulated objects, they did not present a systanpabcedure to find a set of
points on the object boundary that allow an FC grasp or adegi¢ck whether a given
graspis FC.

Regarding immobilization by frictionless contacts of a 2ial chain withn poly-
gons linked by joints with one degree of freedom, it was deieed that the number
of sufficient contacts is:

e Polygons without parallel edges [23]4- 2 contacts ifn # 3, andn + 3 contacts
otherwise.

e Polygons with parallel edges [24}: + 2 contacts ifn is even, anch + 3 if n is
odd.

In order to achieve robust immobilization (i.e. any contzenh be perturbed slightly
without loss of the immobilization) when these chains have 6 polygons, the fol-
lowing strategies were used [23] [24]:

e Polygons without parallel edges: the chain is divided irgts ®f five polygons
starting from one end of the chain until at most five polygaedeft. Then, each
group of five polygons is immobilized with six contacts withetarrangement
(0,0,3,0,3), which means zero contacts in the first, secadd@urth polygons,
and three contacts in the third and fifth polygons. The reingipolygons are
immobilized with a number of contacts that depends on thebaumof remaining
polygons.



e Polygons of any type (i.e. they may have parallel edges)hi is divided into
sets of four polygons until at most four polygons are lefteftheach group of
four polygons is immobilized with five contacts using thesagement (0,0,3,2),
which means zero contacts in the first and second polygores ttontacts in
the third polygon and two contacts in fourth polygon. The agring polygons
(except if these are three of them) are immobilized as abesertbed for chains
of polygons without parallel edges. If three polygons affg khey are com-
bined with the last quadruple and robustly immobilized vilte arrangement
(4,0,0,4,0,0,4), i.e. four contacts in the first, fourth aedenth polygons, and
zero contacts in the second, third, fifth and sixth polygons.

More recently, based on second-order effects, the upperdoaas demonstrated
to ben + 2 for any chain ofn # 3 hinged polygons without parallel edges. In any
casepn + 3 frictionless contact points are always sufficient to imnfiabiany chain of
n polygons [25].

In this work, we focus on general FC grasps of 2D serial ddted objects wit
links andm = n + 2 degrees of freedomd6f) considering the minimum number of
frictionless contacts = m+ 1 = n+ 3. We first deal with the problem of determining
whether a given set of contact points on an articulated tbjémvs an FC grasp, and
second with the problem of finding FC grasps. In latter, a oamahitial grasp is found,
and if it is not FC, then the contact points are iterativelgried to search for an FC
grasp.

The algorithms developed here are based on the work by RoSw@a@z [13], ex-
tending it to the case of articulated objects. Both in grasgyesis and grasp synthesis,
the generalized force vector plays a relevant role.Thuspasgglure to find a proper
representation of this vector is presented.

The contribution of this work is a systematic procedure talyre and synthesize
FC grasps of articulated objects using a generalized wreppate. The grasping device
is not considered, unlike in [26][27][28] for rigid objectdence, in the grasp synthesis
the proposed contact points may not be reachable by ceyfaénof robotic hands, but
they are always useful for object fixturing in industrial &pations.

The rest of the paper is structured as follows. Section Nioles an overview of the
problem, including the main assumptions. Section Il pné¢se procedure to find the
vector elements of generalized wrenches for an articulaltgztt withn links. Section
IV details an analysis to determine whether a given set ofawis points allows a FC
grasp. Section V describes the algorithm to find an FC grasptiéh VI shows some
examples of the proposed approach. Finally, Section Vigmsssome conclusions and
proposes future work.

2. Problem Definition and Assumptions

Consider a 2D serial articulated object withinks and rotational joints, as illus-
trated in Fig. 1. The problems to be addressed are as follows:

e Determination of whether a given set of contact points orstiréace of the links
allows an FC grasp of the object, i.e. they allow the immahiiion the object,
including the internatlof, in the presence of external perturbations.
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Figure 1: Articulated object with links (a generic forcef; ; acting on a poinp; ; is represented on each

link 7).

e Search for a set of contact points on the surface of the linasdllows a FC
grasp.

The following assumptions are considered:
e The links are connected by rotational joints.
e The links can overlap each other. This does not pose anygrobl

e The boundary of each link is represented by a (large enough) ®f points
described by position vectoys ; (therefore, the proposed approach is valid in-
dependently of whether the links are polygonal or non-pohal).

e The normal directiom; ; pointing towards the interior of the object at each point
p;,; IS known.

e The contact points between the fingers and the object atefriess. This en-
sures a worst-case grasp, because the existence of frictieal cases will in-
crease grasp robustness.

3. Generalized wrenches for articulated objects

3.1. Generalized wrenches for a rigid body

Consider a coordinate system at the center of mass (COM)eoblbfect used to
describe the positiong; of the contact points. A forc¢, applied to the object gs;
generates a torque;, = p, x f, with respectto COMyf, andr; can be grouped in a
wrench vectorw; = (f,;, T;)*. For frictionless grasps, forces can only be applied in
the direction normal to the object boundary. Thus, the wnergctor is given by
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with f; being the magnitude of ;.

A grasp defined by a set éffrictionless contactsy = {p,, ..., p; }, is able to apply
k wrenchesw; to the object that can be grouped in a wrenchi¥et {wy, ..., wy}.
The information iniV is sufficient to analyze whethéf allows a FC grasp, which can



now be formally defined as a grasp able to apply for€gsroducing wrenches; that
counterbalance any perturbatian in the object, i.e.

k
We :Zwi,Vwe (2)
i=1

Then, for planar objects with threof the wrench vectorsv; are 3-dimensional,
and so is the wrench space. In the absence of rotational striemdour contacts are
sufficient to ensure the FC condition, i.e. a set of pofits: {p,, ..., p, } allowing an
appropriate set of wrench&8 = {w, ..., w4} always allows an FC grasp [3] [4].

3.2. Generalized wrenches for a serial articulated object

The generalized wrench vector generated by the applicafiarforce to a link of
the articulated object is deduced by a general analysis afpam virtual kinematic
chain withn + 2 links. Fig. 2 illustrates a virtual robot with + 2 links that contains
the articulated object and some auxiliary elements (twtualrlinks and three vir-
tual joints) used for the developments below. Virtual kiraio chains were also used
in [29] to generate a systematic constraint-based appttoegecify complex tasks of
general sensor-based robot systems consisting of ridid.lin

The following basic nomenclature is used in the rest of theep@ee Fig. 2):

L;: Link ¢ of the virtual robot; = —1,...,n. Note that links—1 and 0 are virtual
ones, and links 1 ta correspond to the real articulated object.

q;: Joints of the virtual robot; = —2,...,n — 1 (generalized coordinates). Note that
joints—2, —1 and 0 are virtual ones, and joints Lite- 1 correspond to the joints
of real articulated object.

Q,: Origin of reference frame attached to linki = —1, ..., n. These are equivalent
to the positions of the jointg;, i = —2,...,n — 1, and position of the final end
of the link L,, for ¢ = n, respect to the base frame.

P; ;: Contact poing on link L; respect to the base frame.

p; ;- Contactpoing onlink L; represented with respectto joipt 1 (i.e.p; ; = Pij — Q;_1),
i=1,...,n,5=1,..., k;, wherek; is the number of contact points on lirk.
Note that the total number of contactskis= ) . ;.

r;: PositionQ),; respec,_; (i.e.7, = Q, — Q,_1).
s; ;. Contact poingj on link L; respecttaQ; (i.e.s; ; = P; ; — Q, = p; j — T4).
f. - Forcej applied to linkZ; at contact poinp; ;.

W, ;. generalized wrench produced by forfg; applied top, ;.



Figure 2: Schematic diagram of the virtual robot, wherediiik_; ... L,, represent the total links of the
virtual robot andL; . .. L, are the links of the articulated object.

The generalized wrench vector is obtained as follows. Glemghe virtual robot
with n + 2 links in Fig. 2, where the first two linksI(_; and L) are virtual ones
and the rest are equivalent to the articulated object to égpgd. The first three joints
(¢—2, g—1 andqp) are therefore not real, but they are useful for the modetldgment
because they represent the three degrees of freedom ofghienfirof the chain, while
each real joint represents one of the internal degreeseddm of the objecty_, and
q—1 are prismatic joints ang is revolute; the remaining jointg, i = 1,...n — 1, are
those of the articulated object.

Fig. 2 shows a general forgg ; applied to each link; of the articulated object at
a pointp, ;, which can be expressed as

fo.
fur= | @
“J f%g
fm.- and the resultant moment with respectipare grouped into a wrench vector; ;
acting on; as

foi,
wij= | fy; (4)

Si,j

whereM,, ; = s; j X fij

Consider the Jacobiah for each linkZ; of the virtual robot in order to relate forces
f: ; applied to linkL; with torquesr; at each robot joint under equilibrium condition
(JacobianJ; is computed by standard procedures used for serial robQS[3).

Then, the vector; ; of torquesr, ; at jointsg, necessary to balance the effect of
awrenchw; ; produced by a forc¢, ; applied on the linkZ; is obtained as

T T fwi”j
= Jz Wi, ; = Jz f%g (5)
M,

Si,j

. T
Tij = [T_gm., ...77';%]‘, ceey T(nfl)i,j}



the vectorr; of torquesry, in joints ¢, due to all the forceg applied toL; results in

- ki ki ki fxi,j
T T
T, = [7’,2“...,Tki,...,T(n_l)i] :Z‘n_j :ZJl wivj:ZJi fy” (6)
=1 j=1 j=1 M,

Sij

and the torques; in joints ¢, due all forcesf, ; applied to all the linkd; is given by

n ki n ki
T Z Z Z Z T
T = [T,Q, vy Thy "'7T(n—l)} = Tij = Jl wiyj

i=—1j=1 i=—1j=1
ki fz”

DI

fu..
i=—1j=1 M,

(7)

5J

Forcesf, ; acting on the virtual robotinclude external perturbatiorcés and those
applied by the grasping device (it must be noted that, since and L, are virtual
links, applying forces to them is not possible, i.§. ; ; = f,,; = 0). Since it is
desired to immobilize the articulated object, the totafjter at each joint must be null
(considering perturbations and forces applied by the fg)gee.~ = 0, and therefore
7. = 0 Vk.

Then, computing Jacobians and makingr, = 0, Vk, from eq. (7) we obtain:

T-2 = Zj f'l’l,j + Ej fm2’j + ...+ Ej fmn—l,j + Ej f’lTn’]‘ =0
T-1 = Zj fylyj + Ej fyzwj +ot Ej fynfle + Ej fyn,j =0
o =3P xf;F Xymaxfa; ot Yumx L + Xyraxf,; =0
o= 0 2P X Fay t ot Nyrexfa; X rexfn; =0
: : (8)
0
Tn—2 = 0 : o X P X+ X me X f 5 =0
Tho1 = 0 0 0 ijnijfnyj =0

Now, it is possible to consider a generalized wrench sp&cgefined by the base
{r—2,7-1,70,71,..., T2, Tn—1}, Such that the generalized wrench&s, ;, W ;, ...,
W15, W, ; generated, respectively, by forcgs ;, o ;, ..., Fr_1,, fn; are,

Vet f?2,j
fyl,j jy?yj
p1,j><f1,j Tle?,j
- X .
W= 0 Wy = | P2 sz,J (9)
8 :
0 0
f"tn—l,j r frn,j T
jynfl,j fyn,j

riXfn_1;
reXfn_1;

_ _ roXf, ;

Wo1,= W= "

7'71—2><fn71,j

Pro1,;XFn_1,
0
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Note thatW _, ; = Wy ; = [0,...,0]" because no real forces are applied to links
L_yandLg (i.e. f_; ; = fo; = 0). Itis also worth noting that the dimension f
isn + 2, and a generalized wrendfv; ; has thereforen = n + 2 components,with
2 + i non null components. In summary, the dimension of the gdimechwrench is
equal to the number afof of the articulated object, i.ex + 2. The number of non null
components is+ 2, but in any case the maximum number of independent compsnent
is always three, originated from the two components x and ¥,0f, and from one
parameter defining the contact popt; .

3.3. Force-Closure Test

As mentioned in Section 1, serial articulated objects wilinks havem = n + 2
dof and can be inmobilized with = m + 1 = n + 3 frictionless contacts. Now,
considering the set df contact pointsy = {p, ;,i = 1,..n,j = 1,...,k; } and a uni-
tary forcef, ; applied ateacl, ;, asetV’ = {W, ;i =1,...,n,j =1, ..., k;} is ob-
tained. The necessary and sufficient condition for the emest of an FC grasp is that
the origin of the generalized wrench space lies inside thveo hull of the contact
wrenchedV [4][32]. The test used in this work to verify this conditianlhased on the
following Lemma, derived from [13] for the case of a rigid ebj (linear programming
techniques can also be used [33][34]).

Lemma. Let G be a grasp withasél = {W, ;,i=1,..,n,j=1,... .k} of
k = n + 3 contact wrenches for an articulated object with= n + 2 dof Let
H;, 1 =1,...,k be each of the hyperplanes defined in the wrench space by ttlo¢ se
pointsW — {W, ;}withi=1,...,n,j =1, ..., k;, and letP be the centroid ofV. P
and the origin of the wrench spacemust lie on the same side of each hyperplahe
in order for grasp G to be FG.

Fig. 3 illustrates the Lemma for a hypothetical 2D wrenchcgpaGiven a grasp
with a wrench setV = {W 1, Wy, W31}, hyperplanedd; are defined by the
following sets of points:

H, defined byVV — {W171} = {Wg,l, W371}
Ho defined byVV — {W271} = {Wl,la W371}
Hj defined byVV — {W371} = {Wl,la W271}

The lemma is fulfilled for the grasp in Fig. 3a because or@@iand P are on the
same side of each hyperplafle. The grasp in Fig. 3b is not FC because origimnd
P are on different sides of hyperplaig.

4. Grasp analysis

Using the results of the previous section, it is possiblenalyze in a systematic
way whether a given set of contact points on the articulabgelad allows an FC grasp.

As examples, consider an articulated object with two limssshown in Fig. 4 with
the grasping point&' = {p, 1, P, 5. P13, P21, P22} The grasp in Fig. 4a is not FC
because the contact points on the second link generate nt®ofahe same sign, and
external disturbances on the second link may thereforeym@doments that cannot
be counterbalanced.
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Figure 3: FC test in a hypothetical 2D space, a) FC grasp, iAtgrasp.
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Figure 4: lllustration of two non-FC grasps.

The grasp in Fig. 4b is not FC because the contact points dm s cannot
counterbalance any external force pushing the object déWwatest in Lemma 1 is not
fulfilled in either case.

If setG allows an FC grasp, it means that the convex hlicontains the origin of
the generalized wrench spakg. Note that each generalized wrend; ; will have
a number of independent components smaller than the dioren§lV which depend
on the link where the contact point is located. This imposkBt®nal constraints on
the distribution of forces applied on the object boundaguiring them to be properly
distributed on the object links (for instance, in the simgdse of an object with two
links and one joint it is straightforward that at least twataet points are necessary on
each link).

Note that this approach is a generalization of those alreseyl for grasp anal-
ysis of 2D and 3D rigid bodies using, respectively, 3-dimenal and 6-dimensional
wrench spaces, even when here each generalized wighchhas a reduced number
of independent components.

5. Grasp Synthesis

Following the developments above, the main idea of the @lgurdescribed in
this section is a generalization of that in [13]. This gelieation considers that the
wrench space may have any dimension other than 3 and 6 for @BRnigid objects,
respectively. The algorithm generates a graspoy selectingt random points from
set(), which describes the object boundary, then computes thresmonding seti’!
of generalized wrenches and verifies whether the pointstiallow an FC grasp. If it



Algorithm 1 Grasp synthesis

Ensure: : GraspG* with FC
1: Generate a random initial gragp’, k=1.
2: while G* is not FCdo
3. Compute the corresponding set of wrenchiés= {W, ;,i =1,...,n,5 =1, ..., ki}.
: Determine a subs&t%; of grasp points irG* to be replaced.

4
5:  Generate a subsgt. with candidate points to replace one of the point&ih.
6:  Obtain an auxiliary grasf¥... replacing a point irG’% with one point inQ%.
7. Update the countet = k + 1.

8  G"=Gauas.

9: end while

10: return G*

Figure 5: Search procedure to find one FC grasp in a hypo#h&iz wrench space.

does not, then a search for new contact points is done bassgpanating hyperplanes
in the wrench space that define candidate points to replazefdhe current points in

G'. This procedure is iteratively repeated until an FC gradpusd. The steps of the
procedure, described in Algorithm 1, are explained below.

If graspG* fails the FC test, the search procedure, steps (4) to (8 eddlgorithm,
iteratively tries to improve the grasp by changing one oftbimts inG*.

In Step (4) subset®%, is formed by all the wrenches " that simultaneously be-
long to all hyperplaneg/; that cause the FC test failure, i.e. those hyperplanes not
satisfying the condition in Lemma 1. If there is only oneicst hyperplane, thetws,
includes all the points that define such hyperplane. Fig.dwsha hypothetical ex-
ample in 2D (note that the real wrench spaceuglimensional): grasg: producing
wrenchesW = {W1,Wa1, W31} is not FC, withH; and H, being the hyper-
planes that cause the FC test failure. Then, the set of pegsiints to be replaced is
G% = {p,.1}, with p, ; being the point that produces wrent, ;, which belongs
to H; and Hs.

In Step (5), subse, with candidate points to replace one of the point&f is
determined using hyperplaneg/ passing through the origin and parallel to the critical
hyperplaned;. Candidate points to be used for the replacement are thassithul-
taneously lie on the opposite side of poihtvith respect to hyperplanéﬁl’. In Fig. 5,
the points that produce the wrenches in the gray area detedny hyperplaneHi
and H,, belong toQ%,.
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In Step (6), one of the points i&%, is replaced by a point producing a wrenidh
randomly taken fronf2f,. An auxiliary graspG ... is obtained with the replacement
producing the set of wrench¢¥, ;, W* W3, }, as shown in Fig. 5. For the candi-
date grasp, centroif®* and distancéPTO\ are computed, using* to represent the

centroid of the set of wrenché$ in iterationk. If the reIation]P*O] < P’CO‘ is

satisfied, then the auxiliary grasp is selected and the sporedinglV * is used for the
replacement. If all points iri7%, are verified and none of them reduces the distance

PkO‘, the candidat&™ that has the smallest distan}dé*O‘ is selected.

Finally, in steps (7) to (8), countéris updated and the selected point is included
in the new grasg@’*=G ...

6. Numerical Examples

In this section, we present some numerical examples idtisty the grasp analysis
and synthesis of articulated objects with two and threeslinkhe proposed approach
has been implemented using Matlab and C++ on a Intel Core2LGHz computer.

6.1. Grasp Analysis Examples

Example 1 Articulated object composed of two aligned ellipsgs= 2 cos(#) and
y1 = sin() linked at the end of the major axis, with the first centered2at ), as
shown in Fig. 6.

Example 2 Articulated object composed of two unaligned ellipsgs= 2 cos(0)
andy; = sin(#) linked at the end of the major axis, with the first centere@at) and
the second rotated an angle= 22.5°, as shown in Fig. 7.

Example 3 Articulated object composed of two aligned rectangles wiitle lengths
1 and 2, linked by a vertex, with the first centeredlatl.5), as shown in Fig. 8.

Example 4. Articulated object composed of two unaligned rectangleth wide
lengths 1 and 2, linked by a vertex, with the first centerefllat.5) and the second
rotated an anglg = 18°, as shown in Fig. 6.1.

Example 5 Articulated object composed of two symmetric polygondhwiit par-
allel edges with side lengths 1 .41 and 3.16 and an argjléetween the longest sides,
linked by a vertex, as shown in Fig. 10.

Example 6. Articulated object composed of three ellipses = 2cos(f) and
y1 = sin(d) linked at the end of the major axis, with the first centered2at ), the
second aligned and the third rotated an argte 22.5°, as shown in Fig. 11.

6.2. Grasp Synthesis Examples

Several examples illustrating the application of the gmapthesis algorithm are
given in Fig. 12 to 18; the articulated objects and their poss$ are straightforward
from the figures and the description of the objects in theiptessubsection. The initial
and final wrenches and the number of required iterationsiaes gn each example.
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7. Conclusions

This paper proposes a procedure to model the generalizetcvigpace and a
systematic procedure to analyze and synthesize FC gras®id afticulated objects
considering frictionless contacts. The approach is ilatetd for polygonal and non-
polygonal articulated objects with two and three links. Ti@ension of the gener-
alized wrenches for objects with links is always equal to the number of degrees of
freedom of the articulated obje¢t + 2), but they have a maximum number of in-
dependent components equal to three, which are derivedthierthree independent
components of the applied forces (the two components of pipdieal force and one
component fixing the contact point). Using the proposed ggized wrench space, it
is possible to analyze in a general and systematic way whatb&en set of contact
points on the links of an articulated object allows an FC graghe proposed gener-
alized wrench space can also be used to find FC grasps oflatéidwbjects using a
generalization of procedures initially developed fordigbjects.

Future work includes the generalization of the approachtercase of frictional
contacts, as well as for 3D articulated objects with frictéss and frictional contacts.
Real experiments should be performed using, for instant&pdanded robotic sys-
tem. The search for optimal grasps that meet quality caitenid the generalization of
the approach for closed-loop articulated objects are alsod research topics.
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7 8
WrenchedV; ; Pointsp, ; Normaln; ;
W1 = [0.2774 —0.9608 —1.2010 0] P11 = [10.8660] ny 1 = [0.2774 —0.9608]
leg=[0120] p1‘2=[2 —1] ’I’L172=[0 1]

W3 =[0.3088 —0.9511 —2.6793 0] P13 = [3.0893 0.8387] ny 3 = [0.3088 —0.9511]
Wy, =[0.4855 0.8742 3.4970 0.7740] Py1 = [0.5137 —0.6691] | m21 = [0.4855 0.8742]
Wy =[0.1328 —0.9911 —3.9646 —1.5975] | p, , = [1.4824 0.9659] ny o = [0.1328 —0.9911]

Figure 6: Example 1 of grasp analysis.
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_1 - 1 )
0 1 2 3 4 5 6 7 8
WrenchedV; ; Pointsp, ; Normal#,; ;
W11 = [0.4472 0.8944 0.8402 0] Py 1 = [0.5858 —0.7071] | my 1 = [0.4472 0.8944]
W2 =[0.0262 —0.9997 —1.9208 0] D12 = [1.8953 0.9986] nyo = [0.0262 —0.9997

W 5 = [-0.2469 0.9690 2.5980 0]
Wo1 =[0.0080 —1 —3.9999 —2.7288]
W o = [H0.7014 0.7127 2.8509 2.7288]

=
P13 = [2.9080 —0.8910]
Py = [2.7132 1.9651]
Py» = [3.3080 0.5291]

71 = [-0.2469 0.9690]
ng1 = [0.0080 —1]
noa = [-0.70140.7127]

Figure 7: Example 2 of grasp analysis.
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-1 0 1 2 3 4
WrenchesW; Pointsp, ; Normal#; ;

Wi1=1[10-0.6316 0] p1q =1[00.6316] | my1=[10]
Wiz =[0—1-0.41030] P =1[041031] | nip=[0-1]
W3 =[010.9744 0] P13 =1[0.97440] | ny3=[01]
Wiy, =1[0121.1795] Py = (11795 —1] | myy =[01]
Woo=[10-05-04211] | pyy=[2 —0.4211] | nos = [-10]

Figure 8: Example 3 of grasp analysis.
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WrenchesW; ; Pointsp; i Normal#; ;

Wi, =[010.9744 0] Py = [0.9744 0] ni, = 01]
Wia=[0—1-1.43590] Py o = [1.4359 1] nio=[0—1]
Wi =[100.1579 0] P15 = [20.1579] ni3=[10]
Wy =1[0.9511 0.3090 1.0935 0.5682] Py = [0.1720 —0.5415] | ma 1 = [0.9511 0.3090]
Wo = [0.3090 —0.9511 —1.7477 —0.6116] | Py, = [0.5784 0.199] N5 = [0.3090 —0.9511]

Figure 9: Example 4 of grasp analysis.

P

_1 1 1 1 1 1 1 1 1 1
-1 0 1 2 3 4 5 6 7 8

WrenchesW; ; Pointsp, ; Normal#; ;
W1 =[0.3162 —0.9487 —1.0541 0] Py, = [10.3333] ny; = [0.3162 —0.9487]
Wi =[0.3162 0.9487 2.5136 0] Do = [2.3846 —0.7949] | ny o = [0.3162 0.9487]
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Wy, =[0.7071 0.7071 2.8284 0.6699] | p,, = [0.4737 —0.4737] | ng = [0.7071 0.7071]
W o = [F0.3162 0.9487 3.7947 0.8757] | py o = [1.2308 —0.9231] | no o = [-0.3162 0.9487]

Figure 10: Example 5 of grasp analysis.
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2k P11 / / /
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" P32
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N
or P22
Py
_1 1 1 1 1 1 1 1 1 1 1 1 1 J

WrenchesV; ; Pointsp; ; Normal#,; |
W11 =1[0.3753 —0.9269 —0.9788 0 (] P11 = [0.7414 0.7771] n11 = [0.3753 —0.9269]
Wi = [-0.1885 0.9821 2.4921 0 0] Py = [2.7167 —0.9336] | n12 = [-0.1885 0.9821]
W1 = [0.2469 —0.9690 —3.8762 —1.2782 0] Py q = [1.0920 0.8910] Ny = [0.2469 —0.9690]
W = [0.5254 0.8509 3.4035 2.6936 0] Py = [3.5543 —0.6293] | no2 = [-0.5254 0.8509]
Wy = [-0.1140 —0.9935 —3.9739 —3.9739 —2.7231] | ps; = [2.9649 1.9524] ng1 = [-0.1140 —0.9935]
W3 = [F0.7555 0.6552 2.6208 2.6208 2.7376] Py = [3.4250 0.6533] N3 = [0.7555 0.6552]

Figure 11: Example 6 of grasp analysis.

2 Doy — P23 2 pl’l Pis _— P2
& ‘. /7 LN
: \ )
N\ ./,,/’ o N L P
0 - D2 Do P21
L% 1 s s 4 5 6 7 8 1 0 1 2 3 4 5 6 7 &
Initial grasp Final grasp
Initial Wrenches Final Wrenches
W1 = [0.2774 —0.9608 —1.2010 0]" W1 = [0.2469 —0.9690 —1.2782 0]"
W,y = [0.3088 —0.9511 —2.6793 0] Wi = [0.13280.9911 1.5975 0]”
W = [0.3088 —0.9511 —3.8045 —1.1252]" | W3 = [-0.3414 —0.9399 —2.7085 0]"
W o = [0.3753 0.9269 3.7076 2.7288]" W, = [-0.4105 0.9119 3.6474 2.7389]"
W5 = [0.6547 —0.7559 —3.0237 —2.4938]" | Wy, = [-04855 —0.8742 —3.4970 —2.7230]"

Figure 12: Example 1 of grasp synthesis, articulated ohijgttt two ellipses, the FC grasp was achieved
after 11 iterations.

[10] N. Niparnan, A. Sudsang, Computing all force-flosuraggs of 2d objects from
contact point set, in: Proc. IEEE/RSJ Int. Conf. on Int&ligRobots and Sys-
tems, IROS, 2006, pp. 1599-1604.

[11] R. Prado, R. Suarez, Heuristic grasp planning witlee¢hfrictional contacts on
two or three faces of a polyhedron, in: Proc. IEEE Int. SympAssembly and
Task Planning, 2005, pp. 112-118.

15



4 4
3t . 3l Doy
\J L
2t : 2 Rz / J
( P22
1 1r S
of of Py Pis
= : . -1
-1 0 1 2 3 4 5 6 7 8 -1 0 1 2 3 4 5 6 7 8
Initial grasp Final grasp
Initial Wrenches Final Wrenches
W1 = [0.6101 —0.7924 —0.5879 0] W11 = [0.4472 0.8944 0.8402 0]
W, = [-0.1328 —0.9911 —2.3671 0]” W15 = [H0.8668 0.4986 1.9943 2.5815]"

W1 =[0.8668 —0.4986 —1.9943 70.5880]T W3 = [F0.6547 0.7559 2.4938 O]T
Wao =[0.3584 —0.9336 —3.7343 —2.0778]T W1 =[0.3584 —0.9336 —3.7343 —2.0778]T
W 5 = [0.0080 —1.0000 —3.9999 72.7288]1 W0 =[0.1057 —0.9944 —1.6787 0]1

Figure 13: Example 2 of grasp synthesis, articulated obyéét two unaligned ellipses (the second rotated
an angles = 22.5°), the FC grasp was achieved after nine iterations.

2 Bia ) o P12
o o P23 ' plf/ .
1 — b\ Do 4 1 ° “"Poa\
\ _— P11 —
o o ’ *
0 p2,1 t/.p2 ) 0 p271/
_1 _1
-1 0 1 2 3 4 5 21 0 1 2 3 4 5
Initial grasp Final grasp
Initial Wrenches Final Wrenches
W11 =[0—1.0000 —1.6410 0]© W11 = [01.00000.6154 0]°
W1 = [0.9511 0.3090 1.0935 0.7261]" Wi, = [0 —1.0000 —1.6410 0]"
W5 = [0.3091 0.9510 1.7476 0.4065]" W1 5 = [-1.0000 0 0.6316 0]"
W3 = [0.9510 —0.3090 —1.0936 —0.1998]" | W51 = [0.9511 0.3090 1.0935 0.7261]"
W, = [0.9510 —0.3090 —1.0936 —0.5682]" | Wa., = [0.3090 —0.9511 —1.7477 —0.9706]"

Figure 14: Example 3 of grasp synthesis, articulated obyéhttwo unaligned rectangles (the second rotated
an angle3 = 18°), the FC grasp was achieved after 10 iterations.
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-1 0 1 2 3 4 5 6 7 8 -1 0 1 2 3 4 5 6 7 8
Initial grasp Final grasp
Initial Wrenches Final Wrenches
W1 =[0.3162 0.9487 0.8108 O]T W1 =[0.3162 0.9487 0.8108 ()]T
Wi =1[0.3162 0.9487 1.4595 O]T W2 =1[0.3162 —0.9487 —1.5406 O]T

[
W5 =[0.3162 —0.9487 —3.1623 0" | W5 = [0.4471 —0.8945 —3.5780 —2.3419]"
W, = [-0.8945 0.4472 1.7886 0.9242]" | W5, = [0.3825 0.9239 3.6958 0.744]"
W, = [[0.8945 0.4472 1.7886 2.3475]" | W5 = [10.8945 0.4472 1.7886 2.3475]"

Figure 15: Example 4 of grasp synthesis, articulated ohjéttt two unaligned polygons without parallel
edges (the second rotated an angle- 22°), the FC grasp was achieved after five iterations.

? pvz,rlf"”ﬂ’gg"{lp& L P Poo—— P32
1 ’ 1 )
- , ~ -
0 R Y P 2; —
D1 by g8 o B P3.
LT 1 2 35 4 5 6 7 8 9 10 u 12 Y% 1 2z 3 4 s & 7 8 v 10 u
Initial grasp Final grasp
Initial Wrenches Final Wrenches
W, = [-0.0262 0.9997 2.0778 0 0] W, =[0.61010.7924 0.5879 0 0]"
W,y = [0.6101 —0.7924 —3.1694 —2.5815 0] W s =[0.5254 —0.8509 —0.7099 0 0]
W31 = [0.1328 —0.9911 —3.9646 —3.9646 —23671]T W1 = [0.7932 0.6090 2.4358 0.3652 O]T
W30 = [0.0525 0.9986 3.9945 3.9945 2,1538]T Wy = [H0.6101 —0.7924 —3.1694 —2.5815 U]T
W3 = [[0.4472 0.8944 3.5777 3.5777 2.7375]" W, = [0.4472 0.8944 3.5777 3.5777 2.7375]"
W4 = [£1.0000 0 0;0 0]” Wi = [0.7004 —0.7137 —2.8550 —2.8550 —2.3814]"

Figure 16: Example 5 of grasp synthesis, articulated ohjéttt three ellipses, the FC grasp was achieved
after 55 iterations.
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Wiy = [0.2774 —0.9608 —1.2010 0 0] W1, = [0.2774 —0.9608 —1.2010 0 0]
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Figure 17: Example 6 of grasp synthesis, articulated olyjétt three unaligned ellipses (the third rotated
an angle3 = 22°), the FC grasp was achieved after 67 iterations.
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Figure 18: Example 7 of grasp synthesis, articulated objétt three unaligned polygons without parallel
edges (the third rotated an angle= 22°), the FC grasp was achieved after 37 iterations.
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