
Predicting planar motion behavior under contact
uncertainty

JAN ROSELL ∗, LUIS BASAÑEZ and RAÚL SUÁREZ
Institute of Industrial and Control Engineering, Technical University of Catalonia, Barcelona, Spain

Abstract—Performing complex assembly tasks with robots requires fine-motion planners able to cope
with uncertainty and contact motions, and this is a recognized difficult issue. This paper proposes a
method to predict the behavior of motions under contact uncertainty in order to check the feasibility
of paths generated by gross-motion planning algorithms from a nominal model of the environment.
This pragmatical approach enables the extension of gross-motion planning techniques to constrained-
motion planning problems, ensuring the feasibility of the task despite the uncertainties. The approach
has been implemented for assembly tasks in the plane with three degrees of freedom.
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1. INTRODUCTION

1.1. Problem statement

The execution of complex assembly tasks with robots may fail if it relies on
trajectories obtained from the nominal description of the environment, since the
uncertainty may not be small enough relative to the task clearance. Nevertheless,
constrained motion planning (i.e., the planning of trajectories that explicitly take
into account the effect of uncertainties and that make use of compliant motions
based on sensory information of configuration and force) is a difficult issue and,
in spite of the research effort done, not many practical results have been yet
obtained. On the other hand, the field of gross-motion planning (i.e., the planning of
robot trajectories without considering uncertainties) has given good results already
transferred to industrial applications. Due to these facts, it seems an appealing issue
to be able to check if, using a compliant control, a nominal free path (generated
by a gross-motion planning algorithm) is feasible, i.e., if it allows to reach the goal
despite possible contacts occurring during task execution due to uncertainty.
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1.2. Previous work

Most of the approaches to constrained motion planning follow fine-motion planning
strategies. These strategies describe geometric trajectories as a function of the
current actual situation during the task execution, assuming predefined compliant
matrices. They can be gathered in three groups: (a) the LMT approach [1] that
describes the synthesis of compliant motions as the backchaining of preimages from
the goal region to the initial region, the preimage for a given velocity command
being the set of configurations that guarantee that the goal is reachable and
recognizable taking into account uncertainty in sensing and control [2, 3], (b) the
two-phase planners which first generate a nominal plan assuming no uncertainty,
and then consider uncertainty to replan the steps of the path that are error-prone
[4–6] and (c) the contact-space approaches which represent the task as a graph
of contact states and synthesize a plan by searching in this graph, considering the
uncertainty in the states definition and in the state transition operators [7–10].

Other approaches to constrained motion planning assume a predefined trajectory
and determine, either by learning [11, 12] or by analytical methods [13, 14],
the error-corrective compliant matrix that allows the successful execution of the
assembly task.

Despite the research done, the problem is still unsolved for 6-d.o.f. tasks and it
is even not completely solved in a general way for planar assembly tasks. Previous
referenced works present, from different perspectives, how to cope with uncertainty
in robotized tasks requiring constrained motion planning. However, no systematic
approach has been made covering and thoroughly considering all the uncertainty
sources that may interfere in the task performance. The proposed approach is
an attempt in this direction by predicting the motion behavior under all kinds of
uncertainty sources in order to analyze the feasibility of the task execution.

1.3. Paper scope

This paper is focused on the prediction of the motion behavior when a nominal
free path is followed in the execution of a 3-d.o.f. planar assembly task between
polygonal objects and contact situations are possible due to uncertainty. We assume
the existence of a compliant robot control. The proposed method can be considered
as the second phase of a two-phase fine-motion planner.

Section 2 presents a basic background related to uncertainty, configuration space
and reaction force analysis. Section 3 gives an overview of the proposed solution,
which is developed in Section 4 and experimentally validated in Section 5. Finally,
Section 6 discusses the proposed approach and its main contributions.



2. BACKGROUND

2.1. Uncertainty

Uncertainty sources can be classified as global or local, depending on their effects.
A source of uncertainty is considered global if it determines the deviation of either
all the topological elements of the manipulated object or of all the topological
elements of all the static objects, otherwise it is considered local. Local sources
of uncertainty can give rise to contact situations that are not possible for the
nominal geometry and nominal position of the objects. The maximum deviations
produced by the global and the local sources of uncertainty will be called εG and εL,
respectively.

The following sources of uncertainty affect the performance of a robotized
assembly task:

(a) Manufacturing tolerances in the object shape and size. This is a local source
since the deviation produced at each topological element is independent from
the others (although this deviation imposes some constraints for neighboring
topological elements).

(b) Imprecision in the pose (position and orientation) of the static objects. The
deviation in the pose of a static object determines the corresponding deviation
in all its topological elements but it does not affect other possible static objects.
Therefore, if there is only one static object, this source is global, and it is local
if there is more than one.

(c) Imprecision in the pose of the robot gripper. This is a global source since a
deviation in the pose of the robot determines the corresponding deviations of
all the topological elements of the manipulated object.

(d) Imprecision in the pose of the object in the robot gripper. This is a global source
for the same reason stated in source c.

2.2. Configuration space

Let A and B be two polygons describing, respectively, a manipulated object and a
static object. Let {T } and {W } be the reference frames attached to the manipulated
object A and to the workspace, respectively. {T } has the origin at the manipulated
object reference point OA, and an orientation φ with respect to {W }.

Then, the configuration space (C-space) of the manipulated object is the set of all
its configurations, a configuration being specified by the position and orientation
of {T } with respect to {W } [15].

For movements in the plane with three degrees of freedom the C-space is R2 ×S1
ρ ,

where S1
ρ is the circle of radius ρ, the gyration radius of the manipulated object.

Then, a configuration is described by three generalized coordinates (x, y, q), with
q = ρφ, all having units of length. Vector orthogonality in C-space makes physical
sense in terms of energy if ρ is the gyration radius of the manipulated object [16].
The x and y coordinates of the C-space represent the position of OA with respect to



Figure 1. Type-A and a type-B basic contacts in (a) physical space; (b) C-space and (c) C′-space.

{W }; therefore, the C-space reference frame has the x-axis and the y-axis coincident
with those of {W }. The set of configurations that do not produce interference
between objects is denoted Cfree.

The parameterized translational configuration space (C ′-space) is defined as the
set of projections onto the xy-plane (q = 0) of the C-space slices for all the possible
orientations of the manipulated object, using the orientation as a parameter [17].
Contact constraints are easily determined using this representation, which is also
useful for the uncertainty analysis.

As an example Fig. 1a shows, in the physical space, a contact between an edge
of A and a vertex of B (type-A basic contact), and a contact between a vertex of A
and an edge of B (type-B basic contact). Figure 1b shows, in the C-space, the
corresponding set of configurations where these contacts takes place (C-faces) and
Fig. 1c their representation in C ′-space. The C-faces are ruled surfaces with ruling
segments parallel to the plane q = 0 and ranging from the minimum (φm) to the
maximum (φM) orientations where the contact can take place. The ruling segments
are represented as f ′ in C ′-space [17].

2.3. Reaction force analysis

Consider a basic contact at a contact configuration co, and let (Fig. 2) [16]:

• �n be the unitary vector normal to the C-face at co.



Figure 2. Force decomposition in C-space.

• �tr be the unitary vector in the direction of pure rotation around the physical contact
point. Positive motions along �tr correspond to rotations that increase φ.

• �tp be the unitary vector in the direction orthogonal to �tr and �n. The sense of �tp
makes [�tr, �tp, �n] right-handed.

• The generalized friction cone be the set of all possible generalized reaction forces
arising at co.

• �t be the plane tangent to the C-face at co.

• �f be the friction plane. �f contains the generalized friction cone and is
orthogonal to �tr at co.

Vectors [�tr, �tp, �n] form an orthogonal reference frame, known as contact reference
frame, with origin at the contact configuration. The contact reference frame is used
to analyze the effect of a force applied at the contact configuration. An applied
generalized force �gA that points into a C-face is decomposed into �gf and �gtr , �gf being
the projection on the plane �f and �gtr the component along �tr. Then, the reaction
force �gR is �gR = −�gf if �gf is inside the generalized friction cone; otherwise �gR is
the projection of (−�gf) along the direction of �tp onto the edge of the friction cone.
Finally, the net force �gN that defines the direction of motion is the projection of �gA,
along the direction of �gR, onto the plane �t (Fig. 2) [16].

This force analysis will be done using the dual representation of forces in order
to take more easily into account the uncertainty. This representation maps the
supporting line of a force into a point (that represents the force direction) and a
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Figure 3. (a) A force f and its dual representation F ′. (b) Linear combination of three dual forces,
one of them with a different sign from the others.

sign (that expresses the force sense), and is useful for the analysis of planar contact
problems [18].

Using the dual representation, the reaction force f = (fx, fy) and torque τ with
respect to a reference origin O, produced at a contact situation during a planar
assembly task, are mapped into the point F ′ = (fy/|τ |, −fx/|τ |) plus the sign of τ .
Geometrically, F ′ lies on the normal to the force line through the reference origin
O and at a distance 1/d from O, d being the distance between the force line and O

(Fig. 3a).
Some relevant properties of the dual representation of forces are:

1. The supporting line ax + by + c = 0 of a force f maps into the point
F ′ = (a/c, b/c) (Fig. 3a).

2 The lines of forces passing through a point map into points of a line, called the
dual line of the point.

3. The lines of forces lying inside a cone r̂1r2 map into points inside a cone r̂ ′
1r

′
2

with vertex on the origin, r ′
1 and r ′

2 being orthogonal to r1 and r2, respectively.

4. The lines of forces passing through a point P and lying inside a cone âb, map
into points of a segment A′B ′, A′ and B ′ being the dual points of lines a and b,
respectively.

5. A force f resulting of a non-negative linear combination of two forces f1 and f2

with dual representations F ′
1 and F ′

2 with the same sign maps into a point F ′ on
the segment F ′

1F
′
2, plus the same sign as F ′

1 and F ′
2; if F ′

1 and F ′
2 have different

signs, F ′ lies on one of the two portions of the straight line defined by F ′
1 and

F ′
2 removing the segment F ′

1F
′
2, with the sign of F ′

1 if F ′ lies on the portion
bounded by F ′

1 or the sign of F ′
2 otherwise. This rule can recursively be applied

to the nonnegative linear combination of several forces (Fig. 3b).

3. SOLUTION OVERVIEW

As it has been stated, the objective is to verify if, using a compliant control, a
nominal free path (generated by a gross-motion planning algorithm) allows to reach



the task goal, despite possible contacts occurring during task execution. With this
aim, the following solution is proposed.

A nominal free path is adequate to perform an assembly task subject to uncertainty
if one of the following conditions holds:

• Contacts are not possible along the path.

• Contacts might occur but either the robot can comply at them and proceed
towards the goal or, if this is not the case, the contact situation can be identified
with certainty and a recovery path can be planned and executed.

In the proposed solution, these conditions are tested at a finite set of configurations
of the nominal free path. Depending on the effect of the uncertainty, a given
configuration can be [19]:

• Compatible: a configuration c is called compatible if, taking into account
uncertainty, a contact situation can take place at c.

• Motion-feasible: a compatible configuration c is called motion-feasible for a
given commanded velocity v if v produces the same kind of motion (same sense
of rotation and displacement) at all the basic contacts that can take place at c, and
the resulting motion is error-corrective.

• Distinguishable: a compatible configuration c is called distinguishable if all of
the contact situations that can take place at c can be unambiguously identified.

Then, a configuration of a path is classified as:

• Free: if it is not compatible.

• Compliant: if it is compatible and motion-feasible.

• Guarded: if it is compatible and distinguishable but not motion-feasible.

• Ambiguous: if it is compatible and neither distinguishable nor motion-feasible.

Finally, a path is classified as:

• Free: if it contains only free configurations.

• Compliant: if it does not contain any guarded nor ambiguous configurations and
it contains at least one compliant configuration.

• Guarded: if it does not contain any ambiguous configurations and at least it
contains one guarded configuration.

• Ambiguous: if it contains at least one ambiguous configuration.

The path is feasible if it is either free, compliant or guarded. If the path is free it
can be followed as a gross-motion path. If the path is compliant it can be followed
complying at contacts when they occur. In both cases the path can be followed with
the guarantee that the task will be successfully completed. If the path is guarded
a recovery motion must be planned to move away from the non motion-feasible
contact situation (which is known with certainty). Finally, if the path is ambiguous
it is not feasible, since it cannot be followed with the guarantee that the task will be
successfully completed and from any ambiguous configuration it is not possible to
plan sure recovery strategies.



Therefore, in order to determine the path feasibility three basic problems have to
be tackled:
• Given a configuration of the path, determine if it can become a contact configu-

ration due to uncertainties. For this purpose, the set of contact situations that can
take place at the given configuration must be computed. This is done using the
Compatibility Tool (Section 4.1).

• Given a compatible configuration, determine the direction of the possible contact
motion when the nominal command is applied. This is done using the Motion
Analysis Tool (Section 4.2).

• Given a compatible and non motion-feasible configuration, determine if the pos-
sible contact situations can be unambiguously identified using force information
when contact occurs. This is done using the Distinguishability Tool (Section 4.3).

These tools are combined in the Path-Evaluation algorithm (Section 4.4).

4. THEORETICAL DEVELOPMENTS AND RESULTS

4.1. Compatibility tool

4.1.1. Overview. Contact situations have been described in the literature basi-
cally in terms of topological elements, or in terms of forces/torques, depending on
the needs and convenience of each approach [10]. In the approach proposed here,
the analysis of a set of configurations of a given precomputed geometric path has to
be done and, since the occurrence of a contact situation at a given configuration only
depends on the task geometry and uncertainty, then the most natural way to perform
the compatibility analysis is to use the nominal C ′-space and the Configuration Do-
mains that capture the effect of uncertainty. Given a configuration c, to test if it
is compatible with a contact situation, a Configuration Domain is constructed and
positioned with respect to c. Then, in the presence of uncertainty, c may become a
contact configuration if the Configuration Domain intersects the nominal C′-space
corresponding to that contact situation. In the following subsections the effect of
uncertainty is analyzed and captured into the Configuration Domains. Finally, the
procedure to test the compatibility is presented.

4.1.2. Analysis of the effect of uncertainty. Consider a basic contact and let
εv and εtv be the maximum deviation in the position of the contact vertex due to
the imprecision in the positioning of the objects and the manufacturing tolerances,
respectively. Let also εe and εte be defined in an equivalent way for the ends of the
contact edge.

Let e be the actual contact edge and e0 be its nominal model located at its
nominal position. Due to uncertainty, e can be in different positions and orientations
satisfying two conditions:
1. The vertices of e must lie inside the uncertainty circles of radius εe centered at

the vertices of e0.



2. The length l of e must satisfy l ∈ [l0 − 2εte, l0 + 2εte], l0 being the length of e0.

Using these conditions, the set of possible realizations of e for a given deviation β

in its orientation with respect to the orientation of e0 is determined as follows. The
region Re(β) where vertex P of e lies is the intersection of the circle of radius εe

centered at vertex P0 of e0 with the union of circles of the same radius centered at
the end of e for all the possible realizations of e due to its variable length (Fig. 4a).
The region E(β) that contains all the possible realizations of e for a deviation β is
the positive linear combination of the regions Re(β) of its two ends (Fig. 4b). E(β)

can be partitioned into three disjoint parts, Lr(β), LPa(β) and LPb(β), as shown in
Fig. 5a (Lr(β) is the rectangle of maximum area inscribed in E(β)). Regions LPa(β)

and LPb(β) are combined to form the geometric figure L(β), shown in Fig. 5b, that
is used in the construction of the Configuration Domains.

Let Q be the contact vertex and em and eM be its adjacent edges, such that eM is
first encountered when the border of the object is followed counterclockwise. Let
also αm and αM be the deviations in the orientations of em and eM, respectively.
Then, the region V(αm, αM), where the contact vertex may lie is V(αm, αM) =
Rem(αm) ∩ ReM(αM). Nevertheless, in order to simplify the contact analysis, a more
conservative but simpler region is next proposed.

Let [φm, φM] be the range of orientations where a basic contact can occur for the
nominal geometry, and let �φ be the difference between an orientation φ and the
nearest limit of the nominal range when φ �∈ [φm, φM] and zero otherwise. Then,
for a deviation αM < 0 in the orientation of eM, the contact can occur at an
orientation of the manipulated object φ > φM, for any possible value of αm. The
same happens exchanging M by m and the inequality signs. Therefore, in order to
determine if a contact situation can occur at φ, region V(αm, αM) is simplified to
region V(α) ⊇ V(αm, αM), defined as follows:

V(α) =
{ V(α, 0) = Rem(α) if φ � φm

V(0, 0) = C(Q, εv) if φm < φ < φM

V(0, α) = ReM(α) if φ � φM,
(1)

C(Q, εv) being a circle of radius εv centered at Q.

Figure 4. Uncertainty regions in physical space: (a) region Re(β); (b) region E(β).



Figure 5. Representation in physical space of (a) partition of E(β) into three disjoint regions Lr(β),
LPa (β) and LPb (β); (b) geometric figure L(β).

Finally, the sensing uncertainty is considered. The sensing uncertainty in the
robot position affects the positions of all the geometrical elements of the grasped
object. Then, for these elements, the effect of the sensing uncertainty in the robot
position can be approximated by computing E(β) and V(α) with the uncertainty
radius enlarged by this sensing uncertainty. On the other hand, due to the sensing
uncertainty, the actual robot orientation lies within a range around the measured
one. Nevertheless, it can be proved that for the contact analysis it is only necessary
to consider a single orientation φo of that range. φo is the orientation where the
robot position is closest to the nominal contact positions. Then, the Configuration
Domains described in the next section are, in fact, Position Domains defined for
orientation φo.

4.1.3. Configuration Domains. Contact Position Domains allow easly handling
of contact analysis because they capture the effect of uncertainty and permit to do
the tests with the nominal C ′-space.

For a given basic contact i, the segment f ′
i (φ) represents the nominal contact

positions for the orientation φ. Then, if the contact can take place at a given
configuration, its associated Contact Position Domain intersects f ′

i (φ) for some
orientation φ = φo.

For an orientation φo ∈ [φm, φM] the contact can take place for deviations
α = β = 0 (for which the areas of V (α) and E(β) are maximum), whenever V (0)

and E(0) overlap. Then, in this case, the Contact Position Domain is the circle
centered at the position (xo, yo) corresponding to configuration c and obtained as
the convolution of the circles V (0) and L(0). For an orientation φo �∈ [φm, φM]
the contact can take place only for deviations α and β satisfying β − α = �i

φo
,

whenever V (α) and E(β) overlap. In this case the Contact Position Domain is
constructed as follows.

For an orientation φo and a basic contact i, the Contact Position Set ui(α, β) is
defined as the set of all the possible contact positions associated to (xo, yo). If
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Figure 6. Contact position domain Ui and its bounding box for an orientation φo > φM.

V(α) and E(β) overlap, i.e. the contact can take place, then ui (α, β) intersects
the segment that represents the contact positions for the deviations α and β. The
Contact Position Set is computed as the convolution of V(α) with L(β), and
centered at (xo, yo), and its border is composed of five arcs of circumference and
two straight segments.

The Contact Position Region Ui(α, β) is defined as the region resulting of
applying a transformation (rotation and translation) to ui(α, β) in such a way that
when V(α) and E(β) overlap, Ui(α, β) intersects f ′

i (φo).
Then, the Contact Position Domain Ui is constructed as the union of a finite set of

Contact Position Regions with values (α,β) satisfying β − α = �i
φo

, but the border
of Ui is not analytically computed. Figure 6 shows the Contact Position Domain as
the union of a finite set of 15 Contact Position Regions and its oriented bounding
box, called Box(Ui ).

For a contact situation involving a set S of basic contacts, the Contact Position
Domain must simultaneously take into account the effect of the global sources
of uncertainty and independently consider the local ones. Let Ui

G and Ui
L be the

Contact Position Domains of contact i ∈ S for the global and the local sources of
uncertainty, respectively [20]. Let also US

G be defined as US
G = ∩∀i∈SUi

G. Then, the
Contact Position Domain Ui of a contact i ∈ S is equal to Ui

L centered at the point
(xt, yt) ∈ US

G closest to f ′
i (φo) ∀i ∈ S.



Figure 7. Compatibility of two configurations with a type-B basic contact in both physical space and
C′-space: (a) non-compatible; (b) compatible.

If the nominal contact situation is possible at orientation φo, then Ui
L is a circle

of radius εL and US
G is a circle of radius εG. Otherwise, Ui

L is computed following
the procedure used for Contact Position Domains of a single contact and US

G is
approximated by US

G = ⋂

∀i∈S Box(Ui
G).

4.1.4. Compatibility procedure. The compatibility procedure uses the nominal
C ′-space and the Contact Position Domains.

In the presence of uncertainty, a free configuration can be a contact configuration
of a basic contact i if and only if the corresponding Contact Position Domain
intersects the segment f ′

i (φo) that represents the nominal contact positions for the
test orientation φo. Since the Contact Position Domain is built as the union of
Contact Position Regions this test is done by verifying if any of them intersects
f ′

i (φo).
In Figs 7 and 8 two examples are shown where compatibility with a type-B basic

contact is illustrated in both the physical space and in the C′-space (darker lines).
Figure 7 shows two configurations with the same orientation φo ∈ [φm, φM]: Fig. 7a
corresponds to a non-compatible configuration because Ui ∩ f ′

i (φo) = ∅ due to
the fact that V (α) and E(β) do not overlap; Fig. 7b, in contrast, corresponds to
a compatible configuration, since the opposite situation occurs. Figure 8 shows a
configuration with an orientation φo > φM. The configuration is compatible because
as shown in Fig. 8b Ui(α2, β2) ∩ f ′

i (φo) �= ∅ due to the fact that V (α) and E(β) do
overlap, although this is not the case for the deviations of Fig. 8a.

For a contact situation involving a set S of basic contacts, US
G is computed for the

set, and Ui
L ∀i ∈ S are computed for each basic contact. Then, the contact analysis

is independently done for each contact, and the multi-contact situation is possible if
Ui

L intersects f ′
i (φo) ∀i ∈ S.

As an example, Fig. 9 shows a contact situation with two type-B basic contacts, #1
and #2, involving two different static objects. In this case, US

G, U1
L and U2

L are circles.



Figure 8. Compatibility analysis of a configuration (xo, yo, φo) with φo > φM, illustrated in both
physical space and C′-space for two values of (α, β). (a) V(α1) and E(β1) and, therefore, Ui (α1, β1)

and f ′
i (φo), do not overlap. (b) V(α2) and E(β2) and, therefore, Ui (α2, β2) and f ′

i (φo), do overlap,
showing that the configuration is compatible.

Figure 9. Compatibility determination with a contact situation involving two basic contacts.

The current configuration of the manipulated object may actually correspond to a
contact configuration because U1

L intersects f ′
1(φo) and U2

L intersects f ′
2(φo).

4.2. Motion analysis tool

4.2.1. Overview. This tool performs the analysis of the motion at a given
compatible configuration when the planned commanded velocity is applied. To
do it, Motion Regions, representing the sets of commanded velocities that produce
the same kind of motion of the manipulated object, are associated to each basic
contact. Commanded velocities that produce either an uncertain motion, or a break
of contact, or a sticking situation are not classified into any Motion Region. Then,
the motion analysis tool verifies if a compatible configuration is motion-feasible by
testing if the commanded velocity belongs to a Motion Region and if the resulting
compliant motion is error-corrective. For a situation with multiple basic contacts



to be motion-feasible, the commanded velocity must be independently classified as
motion-feasible for each basic contact and the Motion Region for each basic contact
must be the same. In the following subsections Motion Regions considering the
effect of uncertainty are described. Then, the procedure to test the motion feasibility
is presented.

4.2.2. Motion Regions. A Motion Region associated to a basic contact is the
set of commanded velocities that produce movements of the manipulated object in
contact with the environment in a given sense of sliding and a given sense of rotation
around the contact point. There are six Motion Regions:

Region 1: S+∧ R− Region 2: S+∧ R+

Region 3: S−∧ R+ Region 4: S−∧ R−

Region 5: S0∧ R− Region 6: S0∧ R+

where:
• R+ and R− represent the positive (or zero) and the negative rotation around the

contact point, respectively.
• S+ and S− represent the positive and negative sliding of the contact point,

respectively.
• S0, the border between S+ and S−, represents the no sliding motion due to the

effect of friction.
These Motion Regions are computed in the dual force space, taking into account
that this space is related with the generalized force space F3 as follows: a plane
� ⊂ F3 and its normal direction n are represented in the dual force space by a
line π ′ and a point N ′, respectively, such that π ′ and N ′ maintain between them a
relation of duality, i.e., N ′ can be obtained as the dual point of π ′. Using this, the
planes defined by the contact reference frame (Section 2.3) are mapped into lines
that, together with the dual representation of the friction cone, partition the dual
plane into Motion Regions. The algorithm given in Fig. 10 details the steps of this
procedure, which is illustrated in Fig. 11a for a type-A basic contact.

When uncertainty is present, Motion Regions shrink because the lines and points
defining the motion regions become themselves regions corresponding to applied
forces that may produce different contact motions. Uncertainty is considered as
shown in the following items and propagated through the steps of the procedure
presented in Fig. 10 making use of the properties of the dual representation of forces:
• The uncertainty in the position of the contact point is considered by substituting

the contact point by a segment centered at the contact point and parallel to the
contact edge, such that all possible reaction forces cross this segment.

• The uncertainty in the orientation of the contact edge is considered by substituting
the normal direction by a cone. The friction cone is enlarged accordingly.

Figure 11b shows the effect of uncertainty in the example presented in Fig. 11a
(border regions are expressed as U with a subindex indicating the original point or
line).



Dual-plane-partition

(1) Represent the vector tr by the point T ′
r (which coincides

with the contact point).

(2) Represent the vector n by the dual point N ′ of the line
normal to the contact edge passing through the contact
point (T ′

r ).

(3) Represent �f by the dual line π ′
f of the point T ′

r .

(4) Represent �t by the dual line π ′
t of N ′.

(5) Represent the vector tp by the intersection point T ′
p of

lines π ′
f and π ′

t .

(6) Represent the friction cone as the dual segment FC of
the physical friction cone.

(7) Label the negative and positive linear combination of T ′
r

and FC as regions 5 and 6, respectively.

(8) Label regions 1 to 4 (bounded by π ′
f , π ′

t and the border
of regions 5 and 6), according to their characteristics.

Figure 10. Dual-space-partition algorithm.

Figure 11. Dual space partition (a) without uncertainty, (b) with uncertainty.

4.2.3. Motion analysis procedure. The motion analysis procedure verifies the
satisfaction of the following two conditions to label a configuration c as motion-
feasible:



• The commanded velocity is classified into the same motion region for all the basic
contacts that can take place at c in the presence of uncertainty. For each basic
contact, the applied generalized force associated to the commanded velocity is
classified into a motion region M if its dual representation, F ′, satisfies F ′ ∈ M .

• The commanded velocity is error-corrective for all the basic contacts that can
take place at c. For each basic contact the commanded velocity applied at c is
error-corrective if the configuration c′, located at a distance εG + εL from c along
the path, is outside the C-face of the basic contact.

4.3. The distinguishability tool

4.3.1. Overview. The knowledge of the contact force at a configuration where
several contact situations can take place due to uncertainty can permit, in some
cases, the identification of which one actually occurs. The distinguishability
analysis determines, using force information, if this identification can be done. For
each possible contact situation a generalized force domain is constructed containing
all the possible reaction forces that can arise when that contact situation takes
place. Then, contact situations are distinguishable if the corresponding generalized
force domains do not intersect. In the following subsections the generalized force
domains are first defined and constructed using the dual representation of forces.
Then, the procedure to test the distinguishability is presented.

4.3.2. Generalized force domains. Let the generalized force domain GS associ-
ated to a configuration c compatible with a contact situation CS , be the set of the
generalized reaction forces that may arise when CS takes place at c.

The generalized force domain Gi of a contact situation with only one basic
contact i is composed of the forces satisfying the following two conditions:

• Contact-point condition: the line of the reaction force must intersect the region
V(α) where the contact vertex lies. This region can be represented in a
conservative way by a segment parallel to the contact edge (MN in Fig. 12),
such that all the lines of forces intersecting V(α) also intersect the segment.

• Direction condition: The reaction force direction must belong to the range
ψ ±�ψ , where ψ is the orientation of the outward normal of the nominal contact
edge e0 and �ψ is computed considering the effect of friction and the maximum
possible deviation in the orientation of the edge due to the uncertainty.

Let (Fig. 12):

• a and c be the straight lines with orientation ψ−�ψ passing through the extremes
of MN .

• b and d be the straight lines with orientation ψ + �ψ passing through the
extremes of MN .

• W be the region where the lines of forces of Gi lie; it is the union of cones âb

and ĉd .



Figure 12. Dual representation of Gi .

Taking into account the properties of the dual representation of forces (Se-
cion 2.3), the dual region representing the forces that satisfy the contact-point con-
dition is the cone m̂′n′, where m′ and n′ are the dual lines of the extremes of MN ,
i.e. m̂′n′ contains the dual points of the lines of forces crossing MN . The dual
region representing the forces that satisfy the direction condition is the cone â′b′,
where a′ and b′ are, respectively, lines orthogonal to a and b passing through the
origin. Then, as it illustrated in Fig. 12, G′

i = m̂′n′ ∩ â′b′.
The generalized force domain GS of a contact situation involving a set S of

basic contacts is the set of forces resulting from the composition of all the possible
compatible reaction forces, one at each basic contact. Let s be any sub-set of S with
n non-redundant basic contacts. Then:

GS ⊃
⋃

∀s⊂S

Gs . (2)

Its dual representation, G′
S , is computed with a recursive algorithm [21] given by:

G′
S =

[
⋃

∀s⊂S

G′
s

]

∪ [
H′

S

]
, (3)

where H′
S is a simple geometric region in the dual plane associated to the basic

contacts of S: for one basic contact H′
S = G′

S is computed as the intersection of two
cones as detailed above; for two basic contacts H′

S is the union of four trapeziums;
for three basic contacts it is a triangle, and it is an empty region for more than three
basic contacts.

4.3.3. Distinguishability procedure. Force domains are used for contact analysis
considering the following points:
(a) when the generalized force domains of the possible contact situations do not

overlap, they enable with certainty the identification of the actual contact
situation;



(b) when a configuration is compatible with a contact situation involving a set S

of basic contacts, force domains cannot be used to decide with certainty which
contacts of S actually take place when contact occurs, since G′

s ⊂ G′
S ∀s ⊂ S.

Let C(c) be the set of n � 1 contact situations CS1, . . . , CSn
compatible with

a configuration c, such that Si �⊂ Sj and Sj �⊂ Si , ∀i, j ∈ 1, . . . , n. Then, if
G′

Si
∩ G′

Sj
= ∅ ∀Si, Sj ∈ C(c), the configuration is labelled as distinguishable, and

as non-distinguishable otherwise.

4.4. Path evaluation algorithm

Figure 13 shows the evaluation algorithms: The algorithm Path-Evaluation(P)
classifies a path P depending on the evaluation of a set of its configurations obtained
with a uniform sampling of the path; the algorithm Configuration-Evaluation(c,v)
classifies the path configurations using the following functions that implement the
tools presented in the previous section:

Path-Evaluation(P)

t = 0

g = 0

P = discretize P
FOR ALL c ∈ P

r = Configuration-Evaluation(c, v)

IF r = AMBIGUOUS THEN RETURN

AMBIGUOUS

ELSE IF r = GUARDED THEN g = 1

ELSE IF r = COMPLIANT THEN t = 1

END FOR

IF g = 1 THEN RETURN GUARDED

ELSE IF t = 1 THEN RETURN

COMPLIANT

RETURN FREE

Configuration-Evaluation(c, v)

S := Compatibility(c)

k :=cardinality(S)

IF k = 0 THEN RETURN FREE

ELSE IF k = 1 THEN

n := Motion-Region(c,s1,v)

IF n = 0 THEN RETURN FREE

ELSE IF n > 0 RETURN COMPLIANT

ELSE RETURN GUARDED

ELSE

i := 1

m := −4

DO

n := Motion-Region(c,si ,v)

IF (m < 0 AND n > 0) THEN m = n

i := i + 1

WHILE (i �k AND (n = 0 OR n=m))

IF i = k THEN

IF m < 0 THEN RETURN FREE

ELSE RETURN COMPLIANT

d := Distinguishability(c)

IF d = TRUE THEN RETURN

GUARDED

ELSE RETURN AMBIGUOUS

Figure 13. Evaluation algorithms.



• S = Compatibility(c): Given a configuration c the function returns the set S of
basic contacts with which it is compatible.

• m = Motion-Region(c,si ,v): Given a configuration c compatible with a basic
contact si ∈ S and a velocity command v, the function returns, if possible, the
label (1 to 6) of the motion region of si containing v if v is error-corrective, or
−1 if it is not error-corrective. When v does not belong to any motion region the
function either returns 0 if v produces a break of contact, −2 if it belongs to the
friction cone region, or −3 if it cannot be determined due to uncertainty.

• d = Distinguishability(c): Given a compatible configuration c the function
returns a flag d indicating if it is a distinguishable configuration.

5. EXPERIMENTAL VALIDATION

Experimental validation of the proposed method has been done planning and
executing assembly tasks with a Stäubli RX-90 robot equipped with a JR3 force
sensor. The robot and the sensor are controlled by an external computer that
implements a compliant control [22] by using the real-time path-modification mode
of the robot, with a cycle time of 16 ms.

A path planner based on an exact partition of C-space is used to obtain the
nominal plan [23]. The planner partitions Cfree and builds a graph whose nodes
are configurations of the border between cells. The arcs of the graph are free paths
inside cells that connect any two nodes of each cell. Graph searching techniques,
based on the Dijkstra algorithm, are used to find the solution path on the graph.

The experiment described here corresponds to the assembly of an L-shaped part
into a T-shaped hole (the largest side of the L-shaped part measures 15 cm). The
path planner generates a graph composed of 693 nodes and finds a nominal solution
path, composed of 13 arcs, connecting the initial and the goal configurations
(Fig. 14a).

The maximum deviations produced by the global and the local sources of
uncertainty are εG = 3 mm and εL = 1 mm. The nominal solution path is evaluated
as guarded, after having evaluated 525 of its configurations in about 20 s on a SGI
Octane. As an example, Fig. 14b shows one of the compatible configurations of
the path that is evaluated as guarded. At this configuration two contact situations
can take place, #1 involving basic contact (V1, E1) and #2 involving basic contact
(V2, E2), since U1

L intersects f ′
1(φo) and U2

L intersects f ′
2(φo). The contact situation

involving the two contacts cannot occur since when U1
L and U2

L are both centered
at the same point of UG (the one closest to both f ′

1(φo) and f ′
2(φo)) they intersect

neither f ′
1(φo) nor f ′

2(φo).
The motion analysis tool classifies the commanded velocity at this configura-

tion as non-error-corrective at contact situation #2, and, therefore, classifies the
configuration as non-motion-feasible. Finally, the distinguishability analysis tool
determines that the configuration is distinguishable because the generalized force



Figure 14. (a) Solution path in Cfree; (b) contact position domains used for the compatibility analysis;
(c) dual space force analysis and (d) generalized force domains used for the distinguishability analysis.

domains of the two contact situations do not overlap. Figure 14c shows their con-
struction by the intersection of cones m̂′n′ (contact-point condition) and cones â′b′
(direction condition), following the procedure detailed in Section 4.3.2 and Fig. 14d
the obtained domains used for the distinguishability analysis.

As a result of this analysis the configuration is classified as guarded and a recovery
path has been planned from the contact situation #2. When the robot executes the
path through this configuration either no contact occurs, or a contact takes place and
is identified. If contact #1 occurs the motion proceeds complying at it; otherwise
contact #2 takes place and the recovery path is executed. Figure 15 shows some
snapshots of the task execution (the second one corresponding to the configuration
analyzed here).
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Figure 15. Snapshots of the real task execution of the path.

6. DISCUSSION

Can a given assembly task with uncertainty be executed by a robot if the motions are
planned using the nominal geometry? Is this information worthwhile? To answer
these questions this paper proposed a method to predict the behavior of motions
when contacts are possible due to uncertainty, assuming a compliant robot control.
This method, based on three analysis tools and implemented for 3-d.o.f. planar
assembly tasks, analyzes the effects of all the uncertainty sources affecting the task
and is able to answer whether the nominal path allows to reach the goal despite
possible contacts during task execution, i.e. whether the path is feasible or not.
This information is worthwhile, because it enables the extension of gross-motion
planning techniques to constrained-motion planning problems.

The proposed method analyzes the possible occurrence of contacts at some
configurations of the nominal path. This is done using configuration domains that
allow to easily handle contact analysis in the presence of uncertainty because they
capture the effect of uncertainty and permit to verify the possible occurrence of
contacts using the nominal configuration space. For contact situations involving
several basic contacts the scope of each source of uncertainty is taken into account,
i.e., configuration domains are defined both for the set of local and the set of global
sources of uncertainty.



Then, for each possible contact configuration, it is necessary to know if the motion
can comply and evolute towards the goal or, if not, whether it is possible to know
with certainty which contacts take place. This analysis is done using the motion
regions and the generalized force domains defined using the dual representation of
forces. The proposed approach has been successfully validated by real experiments.

The extension to assembly tasks in the 3D space can follow the same general
procedure, although in this case the complexity of the three analysis tools becomes
considerable because they have to cope with the 6-dimensional configuration and
force spaces. Based on the experience acquired in the 3-d.o.f. planar case,
some simplifications are currently being developed in order to make the approach
implementable for the 6-d.o.f. case.
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